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ABSTRACT
The School of Graduate Studies
The University of Alabama in Huntsville
Degree: Doctor of Philosophy
College/Department: Engineering/Mechanical and Aerospace Engineering
Name of Candidate: Adetunji Y. Oduyela
Title: Modeling and Analysis of an Articulated-Winged Micro Air Vehicle for Gust
Mitigation.
Articulated micro air vehicles are a class of micro air vehicles comprised of a main
center body attached to outer wings on both sides. As in the case of a single rigid micro
air vehicle, the center body and the attached bodies in the articulated case are all
responsible for the generation of aerodynamic forces and moments during flight resulting
in a multibody system. While many approaches have been taken in the literature to model
the system of equations resulting from such a complicated multibody system, this
dissertation presents an approach based on a Newton-Euler multibody dynamics
formulation where the multiple bodies are attached together with suitable joints. The
number and type of joints determines the level of articulation and total degree of
freedom for the entire system. Unlike most articulated air vehicle model formulations
available in the literature, the final model formulation presented in this work provides
joint force and moment data acting on the articulated MAV during flight. This feature
allows such information to be available during the vehicle design and development stage
where appropriate spring and dampers for the system are selected based on mission
requirements. Experimental validation of the proposed mathematical model using
experimental flight test data obtained from UAHuntsville’s Autonomous Tracking and

iv

Optical Measurements laboratory allowed the comparison of the flight test results and
model simulations. Analytical investigation of the gust alleviation properties of the
articulated 8 degree-of-freedom micro air vehicle model was carried out using
simulations with varying crosswind gust magnitudes and shows that the passive
articulation in micro air vehicles increases their robustness to gusts when suitable joint
parameters are selected.
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CHAPTER 1
INTRODUCTION
Micro air vehicles (MAVs) are a class of aerial vehicles with wing spans less than 20cm,
weigh considerably lesser than most airplanes, and fly in the low Reynolds number regime.
They allow for several civil and military applications including remote surveillance of
hazardous environments, aerial photography and asset monitoring. Types of MAVs include
wing configurations such as fixed-wing, flapping wing and rotary/blade configurations,
with each type having distinct advantages and disadvantages when compared with the
others. However, the most common types of MAVs are the fixed-wing, bird-sized platforms
that generally mimic the larger sized airplanes in their operation. To maintain flight
equilibrium and perform certain maneuvers like turning and gliding, birds change their wing
shapes actively or passively in response to changes in the aerodynamic loading they are
experiencing as shown in Figure 1.1. A commonly proposed advantage of passive wing
changes is its ability to alleviate disturbances to wind gusts. This potential feature is highly
attractive to MAV designers as vehicle size and weight continue to decrease. These shape
change features in birds have spurred a new type of MAV called the Articulated MAV,
having a multiple fixed-wing configuration with the wing segments joined together by joint
types that allow certain types of relative motion of the wing segments to mimic the
articulation observed in nature.
Possible joint types used include hinge joints that allow a single rolling motion of one
wing body relative to another along an axis and spherical joints that allow a full rotary
motion of one wing body relative to another about the three major axes. Wings and tail

1

surfaces have been the most common type of bodies fitted with joints to mimic the shape
changes that occur in real life birds.

Figure 1.1: Wing Roll Articulation during Bird Flight. (Google Images)
Articulation of the MAV results in the increase in the number of degrees of freedom
(DOF) in the MAV. In addition, the interaction of forces and moments acting on the bodies
become more complicated as the DOF increases. A regular, fixed wing, non-articulated
MAV platform is readily modeled as a 6DOF rigid system with its response and behavior
predicted by the well-known Newton-Euler system of equations. Addition of more DOFs to
the model, in the form of wing articulation, leads to a more involved model. This modeling
approach for wing articulation will lead to an 8-, 10-, and 12- DOF model depending on the
types and number of the joints present in the physical model, this modelling capability has
allowed articulated wing MAVs to be studied for their perceived advantages over their rigid
body counterparts.
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Comparing and analyzing models of articulated MAVs can provide insights into the
advantages provided by the various complex shape changes that occur during flight and also
inform the designer about any limitations an inappropriate selection of joint parameters
might have on such system. A very useful scenario for understanding the effect of MAV
articulation can be seen when a gliding bird flies through a wind gust. It carefully adjusts
the shape of its wings in order to tailor the forces being generated by the wings to counter
the changing wind gust forces and moments. These complex shape changes are highly
desired in MAVs if they are to perform in most urban environments where wind gusts exists
between buildings or clear open spaces with pressure gradients. An approach to using
articulated MAVs in such gust scenarios will be to design them with joints at specific
locations that allow passive response of the wings to varying aerodynamic load changes.
The type, number, location and physical parameters of the joints needed for effective
passive gust alleviation in articulated MAVs is still an open research area.
Understanding the flight dynamics of MAVs requires that their responses to input forces
be recorded and analyzed in order to build an adequate mathematical model, however the
small size and weight of micro air vehicles makes it difficult to attach an onboard sensor
suite to the platform for recording the translational and rotational motions and the input
forces during flight. The development of motion capture systems that use sophisticated
software algorithms and multiple cameras to track reflective markers placed on the MAV
body provides a means of collecting MAV flight test data that allow the calculation of a
suitable system model.
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In this work, investigation into the ability of articulated MAVs to passively provide gust
disturbance mitigation and their subsequent design to maximize the potential benefit is
driven by two hypotheses. The first hypothesis is stated as:
Hypothesis 1: An articulated MAV can be effectively modeled using a rigid
multi-body model with a lumped aerodynamic model for each body.
The significance of the first hypothesis is that, if verified, there is no need for a coupled
rigid body and fluid solver to analyze articulation design through simulation. In contrast, a
more computationally efficient multi-body simulation can be used to analyze articulated
MAV designs. Hypothesis 1 was tested by first developing an articulated MAV model as
described in Chapter 3. Next, several flight tests were then conducted with rigid and
articulated MAVs and the motion capture data was processed to extract the MAV motion
parameters. A system identification process was undertaken to identify aerodynamic models
of both the 6DOF and 8DOF MAVs during gliding and powered conditions and the ensuing
models were validated by comparing their responses with actual flight test data as described
in Chapters 4 and 5. The second proposed hypothesis is stated as:
Hypothesis 2: An articulated MAV with properly chosen joint configurations
can mitigate response to wind gusts when compared to a similar rigid MAV.
Hypothesis 2 was tested through simulation by comparing crosswind gust mitigation
performance of both rigid and articulated MAV designs using varying joint stiffness and
damping parameters as covered in Chapter 6.
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CHAPTER 2
BACKGROUND
Articulated micro air vehicles have been studied in the past two decades by several
researchers [1-4] due to their perceived advantages in agility, size, and their possible
suitability for more applications when compared to their larger aircraft counterparts. The
earlier work on articulated MAVs was concerned with exploring the various types and
configurations that such a flier can take [1], and the issue of whether such platforms are
indeed feasible and controllable [2]. Some early MAV systems including a small quadrotor,
a fixed winged platform called the WASP from Aerovironment and an airfoil inspired model
from the University of Florida are shown in Figure 2.1 and highlights the many approaches
several researchers took in defining an MAV. Common to all cases are the small sizes of
the MAV designs.

Figure 2.1: Some early MAVs (quadrotor [left], the WASP [middle], and airfoil inspired
model [right])
While many types of MAVs are still actively researched today, the idea of an articulated
MAV system comprising a rigid MAV frame with the main wing physically divided into
three or more spanwise segments has been gaining some traction due to the presence of such
shapes in natural flyers. This form of MAVs are commonly referred to as articulated MAVs
[5-10], where the outer wing segments are joined together at their inner edges to a center
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body that holds the MAV fuselage. Work done in the area of articulated MAVs have been
largely based on the very vast background knowledge available for rigid MAVs. Additional
investigations of the several advantages wing articulation provides the MAV include the
MAV turning performance [11], steady and dynamic stability as well as flight control [12],
vertical/updraft wind gust alleviation [5], shape optimization by actively moving the wings
to new positions [8] and mission optimization using optimal MAV configurations [9]. It is
also important to note that although the Reynolds regime where MAVs operate is clearly
different from those of larger aircraft, the methods proposed by various articulated MAV
investigations are applicable to their closer UAV counterparts of fairly small sizes. Such
insights have given reason to why articulation hasn’t been pursued in nature for larger sized
birds because of the high and sometimes sudden changes in their joint stresses and strains
under varying flight conditions. The stresses and strains are the result of the constraint forces
and moments that develop at the segment joints and would otherwise require the use of
stronger and heavier materials to hold the articulated segments together. In bigger sized
aircraft, aeroelastic effects have been focused on the geometrical deformations that occur in
the single wing model allowing for extensions, twist and in/out-of-plane bending.

2.1 Micro Air Vehicle Literature
Much like developments in larger flying vehicles, the development in MAV research
began with the investigation of low Reynolds number regime flows. This work by early
researchers [1-3] gave insights into the flow separation and lift-to-drag efficiency changes
that occur in flight within the Reynolds regime of 10,000 – 100,000.
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Early work in the areas of fixed, rigid-wing MAVs has been done by a number of
researchers [6] who concluded that for air vehicles with size and speed similar to birds,
wings with some form of dihedral are sufficient to provide lateral stability in the absence of
a vertical tail. Linearized models of flight dynamics have been used by other researchers [7]
in estimating the aerodynamic variables in MAVs using state-space representations of the
standard equations of motion. These equations generally do not include the presence of wing
shape changes due to joints at the segment edges, but instead assume wing deformation of
a single segment wing piece. This approach allows the trimming of the MAV for steady
gliding turns and the effects of flexibility on the trims highlighted.

2.2 Articulated Micro Air Vehicle Literature
The small size and weight of MAVs, whose design can feature wings divided up into
individual segments joined together, provide an advantage of improved stability of the
MAV during certain flight regimes and maneuvers [11] that would otherwise have been
impossible to achieve with the normal single-piece wing design. Other advantages also
include the passive ability of the MAV wing to absorb and dampen the effects of sudden,
unwanted wind gusts. However, the articulated MAV concept cannot be fully utilized until
the effects of the passive change in shape is better understood and perhaps taken advantage
of in some form of active control.
Researchers such as Abdulrahim and Lind [13] studied a subset of the problem by
looking at the changes that occur to the trim conditions as the MAV wing deflections change
in wing loading and due to the control effort. They used a shoulder-elbow concept
implemented in a variable gull-wing aircraft that morphs using wing deflections at the joint
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locations to provide a generalized modeling framework and control synthesis for enabling
autonomous operation. Recently, work done by Costello and Webb [5] used assumed wing
coefficients and a vortex lattice method code to provide the changing aerodynamic forces
acting on the MAV. They then developed analytical simulations that investigated the flight
dynamics of an articulated wing MAV with wings hinged at the fuselage root. Using an
18DOF articulated MAV model formulated by a joint constraint enforcing controller, they
reported the ability of the articulated design to provide reduced gust sensitivity during flight
to an upward wind gust acting along the right wing only. They reported smaller lateral
deviation in the articulated MAV when compared to the rigid MAV. Also, Paranjape, Chung
and Dorothy [10] used the concept of effective dihedral to investigate the flight mechanics
and flight performance of a tail-less MAV equipped with flexible articulated wings capable
of heave and twist motion. They concluded that axial tension can be used in the wing to
control the wing stiffness needed to cause a change in the wing dihedral, leading to changes
in the steady state turning performance of the MAV. Their result were published for both
the articulated MAV and rigid MAV of similar size.
A general commonality in the work of the above researchers and others on articulated
MAVs is the use of simplified models like elastic, small strain, small displacement beam
theory [14] or single rigid-body models in formulating the analytical solution of the MAV
dynamics, even though these methods neglect the stresses and strains induced in the single
rigid model, they have the advantage of reducing the computational complexity and
simulation time for providing the forces acting on the shape-changing MAV. Technical
literature on articulated MAVs contains many results based on the use of Theodorsen’s
theory for the wing aerodynamics of the MAV, steady flow and use of various reference
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frames to simplify the problem such that a subset of the general problem is explored. In [11]
Paranjape, Chung, Hilton and Chakravarthy explored the dynamics and performance of a
tailless, flexible winged MAV model with variable symmetric dihedral angles to control the
speed independently of the angle of attack and flight path angle. They showed that
controlled symmetric dihedral of the outer wings can be used for longitudinal control and
an asymmetric dihedral as a lateral-directional yaw controller. Their nonlinear aeroelastic
model allowed the study of wing stiffening effect on the MAV performance, something the
Newtonian based model proposed in this dissertation also achieves with additional insights
into the joint forces and moments variation that will allow the prevention of MAV structural
damage as conditions approach limiting values.
Lately, some researchers have begun to study articulated MAV models that observe
the changes in the constraint forces and moments at the articulated joints using more
complicated multi DOF formulations that require much longer simulation times. These
multi DOF models allow varying degrees of movements at the joints and are based on linear
model parameters for generic MAV models. Dietl and Garcia in [15] presented a purely
analytical coupled vehicle dynamics/aerodynamics model for longitudinal flight of an
ornithopter to analyze flight dynamics patterns for predetermined wing kinematics. They
studied the trim states necessary for sustained forward flight, using a model with wings
attached to the fuselage by hinge joints allowing two additional rotational degrees of
freedom. The recent availability of motion tracking systems have made it possible to
perform flight tests and take trajectory and attitude data of any suitably sized MAV,
enabling the researcher to investigate several phenomenon like stall and wing articulation
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responses to varying load conditions. Several papers have used such systems to capture
flight tests data of MAVs [16-21].
In [16], Mettler presents a qualitative analysis of a small 2g hand-launched MAV over a
single test flight and highlighted the transitions that occur in the aerodynamic properties
such as the lift, drag and pitching moment coefficients of the MAV during the flight
duration. Without giving quantitative data over the flight test, the paper showed that actual
MAV flight occurs over a much larger range of angle of attack. The single test flight
analyzed also showed that the lift curve slope undergoes lift hysteresis during the course of
motion with the post stall behavior of the MAV playing a significant impact in the ensuing
MAV motion. The small number of motion capture cameras used in [16] and the limited
flight volume prevented the investigation of controlled or lateral flight. Work done in [21]
used a motion capture system to show the time history of the position and attitude data of a
flying rigid MAV and also estimate the lift and drag from glides. Their work showed that
the estimated lift and drag coefficients are comparable to predictions made using thin airfoil
theory for a small range of the MAV angle of attack, no form of data validation or
comparison between the flight test and model values was done.
Post stall rigid MAV dynamics have also been investigated and used in control design
[19-20] by taking advantage of the fast data capture capabilities of motion capture systems
in providing attitude and positional data to a computer system. This capability allowed the
design of a tail only articulated MAV that pitches the body up to a high angle of attack while
rotating the ailerons on the wings back down to keep the flow attached. While not based on
an articulated wing MAV model, the work in [20] showed that a motion capture system
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indeed had the capability to capture subtle oscillations in the lift and drag due to an
occurrence of vortex shedding during high angle of attack flight.
The papers highlighted in the last two paragraphs show that the aeroelastic responses that
occur in an articulated MAV can be captured with the use of a motion tracking system and
the effects of articulation on the MAV performance can be obtained from a careful analysis
of the obtained dataset. The availability of flight data for articulated MAVs can allow their
comparison with their rigid MAV counterparts under different flight conditions. The current
literature, however, has not investigated how changes in the MAV joint configuration and
design under different flight scenarios and crosswind gusts change the MAV’s performance.
The general nature of work done on both rigid and articulated MAV by the researchers
mentioned earlier can be generalized into four main groups explained below:
1. Collect and analyze experimental data of the rigid and articulated MAVs using flight tests
or wind tunnels. Results from such work [1-3, 13] have been used to understand phenomena
such as the onset of stall, flow separation on the MAV wings and the effects of configuration
changes on the MAV dynamics.
2. Formulate theoretical models for rigid and articulated MAVs using various methods such
as multibody dynamics for rigid body modeling, Theodorsen’s flat plate theory for modeling
the wing aerodynamics, and small displacement beam theory to model wing flexibility. This
group [4-15] represent the majority of work done on MAVs due to the large amount of
problems that can be tackled once a model is obtained.
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3. Use motion capture system data to validate developed theoretical models, implement
some type of real-time MAV control during flight tests [18-21], and study dynamic
phenomena about MAVs not obtainable from static wind tunnel tests [3, 16, 20].
4. Use validated models based on experimental data or motion capture systems to investigate
the response of rigid or articulated MAV to changing flight conditions, geometry changes
or control inputs.
While most of the work on rigid and articulated MAVs have used a combination of two
or three groups above, the work done in this dissertation includes all four groups.
Extensive flight tests were conducted in the UAHuntsville ATOM laboratory with rigid and
articulated MAV samples to collect gliding and powered flight test data for further analysis.
A new analytical model of an articulated MAV using the Newtonian dynamics forceacceleration method is proposed. Unlike earlier rigid body articulated MAV models used in
the literature, the model formulation here doesn’t use a full 6DOF for each body in the
articulated system to arrive at the general 6N system of equations with embedded constraint
equations. Depending on the joint types implemented in the articulated system, the proposed
model adds additional DOF for each articulated body to the 6DOF of the center body and
completes the 6N system of equations with expressions for the unknown forces and
moments acting along the joints of the articulated MAV.
The analyzed flight test data was used to estimate the unknown coefficients in the rigid
and articulated MAV models and also to validate the models by comparing their outputs
with the flight test data. Finally, the validated articulated model was used in analytical
investigations to study the response of the articulated MAV to different crosswind gusts and
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highlight effects variations in the joint stiffness and damping parameters have on the
articulated MAVs ability to mitigate the gust effects was also analyzed.
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CHAPTER 3
DYNAMIC MODELS
3.1 Model Configurations
The rigid MAV is modeled as a single 6DOF body while the articulated MAV model
used is a combination of 6DOF rigid bodies, in both cases we use the Newtonian dynamics
force-acceleration method to derive the full equations of motion. The articulated MAV
consists of 3 bodies acting together to form the complete MAV system with the center, right
and left bodies referred to as body 1, 2 and 3, respectively. The rigid MAV will be referred
to as body 1 when discussed alone.

Figure 3.1: Schematic of the rigid (upper) and articulated (lower) MAV models
The joints 𝑎 and 𝑏 in the articulated MAV are hinge joints, allowing relative roll
movements between the outer bodies and the center body during flight. The deflections of
the outer bodies are caused by the aerodynamic and joint forces and moments that act on
the articulated bodies during flight. Figs. 3.2 and 3.3 below show the various forces and
moments acting on the complete rigid and articulated MAV systems. The proposed
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Newtonian dynamic model for the articulated MAV that takes into account the constraints
imposed due to the joints shown in Fig. 3.1. The analytical model is formulated and analyzed
in later sections to study the dynamic behavior of the articulated MAV under some flight
conditions. The response of the articulated MAV model is then compared to the rigid MAV
model and the differences are noted and discussed.

Figure 3.2: Inertial, rigid MAV body reference frames and aerodynamic forces

Figure 3.3: Schematic representation of an articulated MAV showing the reference
frames on the center-body segment and the left and right wings
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3.2 Rigid MAV
3.2.1 Coordinate Frames
For the 6DOF rigid body model, a single body frame (1) is fixed at the mass center of
the rigid MAV with position (𝑥1 , 𝑦1 , 𝑧1 ) and Euler orientation (𝜙1 , 𝜃1 , 𝜓1 ) giving the six
variables that define the rigid MAV.

Figure 3.4: Rigid MAV schematic showing the body frames located at the mass center.
The body frame orientations follow the conventional aerospace sequence of three bodyfixed rotations using about the Euler yaw 𝜓1 , pitch 𝜃1 , and roll 𝜙1 axis starting from the
inertial frame. A visual sequence of these rotations can be seen below.

Figure 3.5: Rotations between inertial frame (I) and a body frame (1).
This transformation from the inertial to body frame can be written using the common
shorthand notation for trigonometric functions of sin(𝛼) = 𝑠𝛼 , cos(𝛼) = 𝑐𝛼 , and
tan(𝛼) = 𝑡𝛼 .
𝑐𝜃1 𝑐𝜓1
𝐓𝐈𝟏 = [𝑠𝜙1 𝑠𝜃1 𝑐𝜓1 − 𝑐𝜙1 𝑠𝜓1
𝑐𝜙1 𝑠𝜃1 𝑐𝜓1 + 𝑠𝜙1 𝑠𝜓1

𝑐𝜃1 𝑠𝜓1
𝑠𝜙1 𝑠𝜃1 𝑠𝜓1 + 𝑐𝜙1 𝑐𝜓1
𝑐𝜙1 𝑠𝜃1 𝑠𝜓1 − 𝑠𝜙1 𝑐𝜓1
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−𝑠𝜃1
𝑠𝜙1 𝑐𝜃1 ]
𝑐𝜙1 𝑐𝜃1

(3.1)

3.2.2 Kinematics and Dynamics
The velocity vector and the angular velocity component of the mass center with
respect to the inertial frame (I) are defined in the body frame (1) as
𝑢1
𝐕𝟏 = 𝑢1 𝐢𝟏 + 𝑣1 𝐣𝟏 + 𝑤1 𝐤 𝟏 = [ 𝑣1 ]
𝑤1

(3.2)

𝑝1
= 𝑝1 𝐢𝟏 + 𝑞1 𝐣𝟏 + 𝑟1 𝐤 𝟏 = [𝑞1 ].
𝑟1

(3.3)

𝛚𝟏/𝐈

The translation and rotational kinematic equations for the rigid MAV can be obtained by
using (3.2) and (3.3).
𝑢1
𝑥̇ 1
𝑇 𝑣
𝑦̇
[ 1 ] = 𝐓𝐈𝟏 [ 1 ]
𝑤1
𝑧̇1
1 𝑠𝜃1 𝑡𝜃1
𝜙̇1
0
𝑐𝜙1
[ 𝜃̇1 ] =
𝑠𝜙
1
0
𝜓̇1
𝑐
[
𝜃1

𝑐𝜃1 𝑡𝜃1
−𝑠𝜙1 𝑝1
[𝑞1 ]
𝑐𝜙
1
𝑟1
𝑐𝜃1 ]

(3.4)

(3.5)

3.2.3 General Equations of Motion
The forces and moments acting on the rigid MAV consists of the aerodynamic,
gravitational and thrust components. The resultant aerodynamic velocity vector is calculated
by subtracting wind velocity in the body frame from the MAV body frame velocity as

𝐕𝐀,𝟏

𝑢𝐴,1
𝐰
= [ 𝑣𝐴,1 ] = 𝐕𝟏 − 𝐓𝐈𝟏 𝐕𝐰𝐢𝐧𝐝
𝑤𝐴,1

where
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(3.6)

𝑐𝜃1 𝑐𝜓1
𝐓𝐈𝟏 = [𝑐𝜃1 𝑠𝜓1
−𝑠𝜃1

𝑠𝜙1 𝑠𝜃1 𝑐𝜓1 − 𝑐𝜙1 𝑠𝜓1
𝑠𝜙1 𝑠𝜃1 𝑠𝜓1 + 𝑐𝜙1 𝑐𝜓1
𝑠𝜙1 𝑐𝜃1

𝑐𝜙1 𝑠𝜃1 𝑐𝜓1 + 𝑠𝜙1 𝑠𝜓1
𝑐𝜙1 𝑠𝜃1 𝑠𝜓1 − 𝑠𝜙1 𝑐𝜓1 ]
𝑐𝜙1 𝑐𝜃1

(3.7)

𝐰
where the wind velocity, 𝐕𝐰𝐢𝐧𝐝
is

𝐰
𝐕𝐰𝐢𝐧𝐝

𝑉𝑤𝑥
= [𝑉𝑤𝑦 ]
𝑉𝑤𝑧

(3.8)

and the magnitude of the aerodynamic velocity of the rigid MAV in the body frame is
𝑉𝐴,1 = √𝑢𝐴,1 2 + 𝑣𝐴,1 2 + 𝑤𝐴,1 2

(3.9)

The aerodynamic angles of the rigid MAV are then defined as
𝑤

𝛼1 = atan ( 𝑢 𝐴,1 )
𝐴,1

𝑣

𝛽1 = asin (𝑉𝐴,1 )
𝐴,1

(3.10)
(3.11)

The aerodynamic forces in the wind axes are defined as
𝐶𝐿1
𝐿1
[ 𝑌1 ] = 𝜌𝑉𝐴,1 2 𝑆1 [ 𝐶𝑌1 ]
𝐷1
𝐶𝐷1

(3.12)

where 𝜌 is the air density and 𝑆1 is the constant planform area. The aerodynamic forces and
moments obtained in (3.12) are converted into the body frame
𝐅𝐀𝟏

𝐌𝐀𝟏

𝐹𝑋1
𝐿1
= [𝐹𝑌1 ] = 𝐓𝐰𝟏 [ 𝑌1 ]
𝐹𝑍1
𝐷1
𝐹𝑋1
𝑙1
𝟏
= [𝑚1 ] = 𝐒𝐑𝟏𝐀 [𝐹𝑌1 ]
𝑛1
𝐹𝑍1

(3.13)

(3.14)

𝐑 𝟏𝐀 is the position vector from the mass center to the aerodynamic center of body 1
expressed in the body 1 frame, the cross product in (3.14) is the matrix-vector product of a
skew-symmetric matrix and a column vector such that for two column vectors 𝑨 and 𝑩
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expressed as 𝑨 = [𝐴𝑥

𝐴𝑦

𝐴𝑧 ]𝑇 and 𝐁 = [𝐵𝑥

𝐵𝑦

𝐵𝑧 ]𝑇 both expressed in 𝒋 reference

frame is written as

j
𝐒A 𝐁

0
= [ 𝐴𝑧
−𝐴𝑦

−𝐴𝑧
0
𝐴𝑥

𝐴𝑦 𝐵𝑥
−𝐴𝑥 ] [𝐵𝑦 ]
0
𝐵𝑧

(3.15)

The weight of the rigid body and the propeller thrust forces and moments acting on the
rigid MAV are given in the body frame as
𝟏
𝐅𝐖

−𝑠𝜃1
= 𝑚1 𝑔 [𝑠𝜙1 𝑐𝜃1 ]
𝑐𝜙1 𝑐𝜃1

(3.16)

where 𝑔 is the acceleration constant and 𝑚1 , 𝜙1 , and 𝜃1 are the mass, roll and pitch angles of
the rigid MAV body respectively. The moments due to the MAV mass are zero since the weight
vector passes through the body mass center, the thrust forces are given as
𝟏
𝐅𝐓𝐑
= F 𝑇𝑅,𝑥 𝐢 + F 𝑇𝑅,𝑦 𝐣 + F 𝑇𝑅,𝑧 𝐤

(3.17)

𝟏
𝐅𝐓𝐋
= F 𝑇𝐿,𝑥 𝐢 + F 𝑇𝐿,𝑦 𝐣 + F 𝑇𝐿,𝑧 𝐤

(3.18)

The moment generated by the rotational action of the propellers about the direction of
their output forces are assumed to cancel out since the propellers rotate in opposite
directions, the thrust moments become only a function of the thrust forces as shown below
where 𝐑 𝐓𝐑 and 𝐑 𝐓𝐋 are position vectors from the rigid MAV mass center to the right and
left propeller thrust forces, respectively.
𝟏
𝐌𝐓𝐑

=

𝐒𝐑𝟏 𝐓𝐑

F 𝑇𝑅,𝑥
F
[ 𝑇𝑅,𝑦 ]
F 𝑇𝑅,𝑧
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(3.19)

𝟏
𝐌𝐓𝐋

=

𝐒𝐑𝟏 𝐓𝐋

F 𝑇𝐿,𝑥
[F 𝑇𝐿,𝑦 ]
F 𝑇𝐿,𝑧

(3.20)

The final equations of motion for the rigid MAV consists of the translational and rotational
equations expressed in the body frame by equating the time derivative of the linear and
angular momentum with the total forces and total moments respectively to get the following
expressions below
𝟏
𝟏
𝟏
𝐅𝐀𝟏 + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋
+ 𝐅𝐖
= 𝑚1 𝐚𝟏/𝐈

(3.21)
d

𝟏
𝟏
𝐌𝐀𝟏 + 𝐒𝐑𝟏 𝟏𝐀 𝐅𝐀𝟏 + 𝐌𝐓𝐑
+ 𝐌𝐓𝐋
= dt 𝐇𝟏/𝐈

(3.22)

3.3 Articulated MAV
3.3.1 Coordinate Frames
The articulated MAV consists of three bodies held together by two hinge joints that
provide only relative roll motion of the right (2) and left (3) outer wings with respect to the
center body (1). The figure below shows a schematic of the articulated MAV with the body
frames and the joint spring and damper configuration.

Figure 3.6: Schematic showing the joint spring and damper location in the three-body
MAV configuration
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The center body is modeled as a 6DOF rigid body in the articulated MAV model and the
attached outer wings provide an extra 2DOF from their allowable roll motion shown in
Figures 3.6. The three body frames attached to each of the three bodies in the system are
required to calculate the forces and moments acting on each body seen in Figure 3.7. The
combination of the forces and moments with the joint constraint forces and moments
provide the overall model for the articulated MAV.

Figure 3.7: Articulated MAV showing the aerodynamic forces on the center, left and right
wings
3.3.2 Kinematics and Dynamics
In the 8DOF articulated MAV, the center body (1) retains all the kinematics of the single
rigid MAV as detailed in the rigid MAV section with its body frame mass center velocity
components given as 𝑢1 , 𝑣1 , 𝑤1 and the angular velocity components by 𝑝1 , 𝑞1 , 𝑟1. The right
and left outer wing body orientations are obtained by a single body-fixed rotation about the
𝑖-axis of the angles 𝜙21 and 𝜙31 respectively. For the right wing body, the transformation
from that body frame to the center body frame is shown in Figure 3.8 and a similar
expression is also used for the left wing body.
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Figure 3.8: Rotations between right body (2) frame and center-body (1) frame for the
8DOF articulated MAV system.
The transformation matrix from the right body frame to the center body frame about the
angle 𝜙21 is written as
𝐓𝟐𝟏

1
= [0
0

0
𝑐𝜙21
−𝑠𝜙21

0
𝑠𝜙21 ]
𝑐𝜙21

(3.23)

The transformation matrix for the left body frame to the center body frame also becomes
1
𝐓𝟑𝟏 = [ 0
0

0
𝑐𝜙31
−𝑠𝜙31

0
𝑠𝜙31 ]
𝑐𝜙31

(3.24)

The joint forces and moments at the right end of the center body location a are expressed
in the right body frame and the joints and moments at the left end of the center body location
b are expressed in the left body frame. The thrust forces and moments introduced by the
right and left propellers are expressed in the center body frame while the weights of the
three articulating bodies are expressed in their respective body frames.
The relative motion between the bodies in the articulated system is related to the hinge
movements at the joints, when the relative motion between the outer wing bodies and the
center body is not negligible different angular velocities will occur. For the 8DOF system
studied in this work, the angular velocity of the right body is expressed as
𝑝2
𝛚𝟐 = 𝑝2 𝐢𝟐 + 𝑞2 𝐣𝟐 + 𝑟2 𝐤 𝟐 = [𝑞2 ]
𝑟2
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(3.25)

The relative roll rate of the right body with respect to the center body is then
𝜙̇21 = 𝑝2 − 𝑝1

(3.26)

The angular velocity of the right body can be redefined in terms of the center body’s angular
velocity and the allowable joint constraint dynamics as shown below
𝛚𝟐 = 𝐓𝟏𝟐 𝛚𝟏/𝐈 + 𝛚𝟐/𝟏

(3.27)

Since hinge joints allow no relative pitch and yaw angles of the right body with respect to
the center-body, the relative angular velocity then becomes
𝑝2 − 𝑝1
𝜙̇21
𝛚𝟐/𝟏 = [ 0 ] = [ 0 ]
0
0

(3.28)

Substituting (3.22) and (3.28) into (3.26) gives the angular velocity of the right body as
𝑝2
𝑝2
𝑞
𝑐𝜙
𝑞
𝛚𝟐 = [ 2 ] = [ 21 1 + 𝑠𝜙21 𝑟1 ]
𝑟2
−𝑠𝜙21 𝑞1 + 𝑐𝜙21 𝑟1

(3.29)

Similarly for the left body, the kinematics are
𝑝3
𝛚𝟑 = 𝑝3 𝐢𝟑 + 𝑞3 𝐣𝟑 + 𝑟3 𝐤 𝟑 = [𝑞3 ]
𝑟3
𝜙̇31 = 𝑝3 − 𝑝1
𝛚𝟑 = 𝐓𝟏𝟑 𝛚𝟏/𝐈 + 𝛚𝟑/𝟏
𝑝3 − 𝑝1
𝜙̇31
𝛚𝟑/𝟏 = [ 0 ] = [ 0 ]
0
0
𝑝3
𝑝3
𝑞
𝑐𝜙
𝑞
𝛚𝟑 = { 3 } = [ 31 1 + 𝑠𝜙31 𝑟1 ]
𝑟3
−𝑠𝜙31 𝑞1 + 𝑐𝜙31 𝑟1
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(3.30)
(3.31)
(3.32)
(3.33)

(3.34)

The angular acceleration of right and left bodies are derived using the angular velocity
and acceleration of the center body with the hinge constraint dynamics at joints 𝑎 and 𝑏,
using the degree of freedom constraints imposed at the joints, we get the following 2 × 1
angular velocity sub matrix expressions for right and left bodies below
𝑞2
𝑐𝜙21 𝑞1 + 𝑠𝜙21 𝑟1
[𝑟 ] = [
]
−𝑠𝜙
2
21 𝑞1 + 𝑐𝜙21 𝑟1

(3.35)

𝑞3
𝑐𝜙31 𝑞1 + 𝑠𝜙31 𝑟1
[𝑟 ] = [
]
−𝑠𝜙31 𝑞1 + 𝑐𝜙31 𝑟1
3

(3.36)

Differentiating (3.35) and (3.36) with respect to the inertial frame gives 2 × 1 angular
accelerations sub matrix of the right and left bodies as follows
𝑐𝜙21
𝑞̇
[ 2] = [
𝑟̇2
−𝑠𝜙21

𝑠𝜙21 𝑞̇ 1
−𝑠𝜙21
] [ ] + 𝜙̇2 [
𝑐𝜙21 𝑟̇1
−𝑐𝜙21

𝑐𝜙21 𝑞1
][ ]
−𝑠𝜙21 𝑟1

(3.37)

𝑞̇
𝑐𝜙31
[ 3] = [
𝑟̇3
−𝑠𝜙31

𝑠𝜙31 𝑞̇ 1
−𝑠𝜙31
] [ ] + 𝜙̇3 [
𝑐𝜙31 𝑟̇1
−𝑐𝜙31

𝑐𝜙31 𝑞1
][ ]
−𝑠𝜙31 𝑟1

(3.38)

The complete linear accelerations of right and left bodies now becomes
𝑝̇2
𝛂𝟐 = [𝑞̇ 2 ] = [ 𝑐𝜙21
[
𝑟̇2
−𝑠𝜙21

𝑝̇ 2
𝑠𝜙21 𝑞̇ 1
−𝑠𝜙21
] [ ] + 𝜙̇2 [
𝑐𝜙21 𝑟̇1
−𝑐𝜙21

𝑐𝜙21 𝑞1 ]
][ ]
−𝑠𝜙21 𝑟1

(3.39)

𝑝̇3
𝛂𝟑 = [𝑞̇ 3 ] = [ 𝑐𝜙31
[
𝑟̇3
−𝑠𝜙31

𝑝̇ 3
𝑠𝜙31 𝑞̇ 1
−𝑠𝜙31
] [ ] + 𝜙̇3 [
𝑐𝜙31 𝑟̇1
−𝑐𝜙31

𝑐𝜙31 𝑞1 ]
][ ]
−𝑠𝜙31 𝑟1

(3.40)

For a more compact form, we let
̂𝟏𝟐 = [0 𝑐𝜙21
𝐓
0 −𝑠𝜙21

𝑠𝜙21
]
𝑐𝜙21

(3.41)

̂𝟏𝟐 = [0 −𝑠𝜙21
𝐓
0 −𝑐𝜙21

𝑐𝜙21
]
−𝑠𝜙21

(3.42)

̂𝟏𝟑 = [0 𝑐𝜙31
𝐓
0 −𝑠𝜙31

𝑠𝜙31
]
𝑐𝜙31

(3.43)
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̂𝟏𝟑 = [0 −𝑠𝜙31
𝐓
0 −𝑐𝜙31

𝑐𝜙31
]
−𝑠𝜙31

(3.44)

The angular acceleration of the right and left bodies is now written as
𝑝̇2
𝑝̇2
𝛂𝟐 = [𝑞̇ 2 ] = [
̂ 𝛚 ]
̂𝟏𝟐 𝛂𝟏 + 𝜙̇21 𝐓
𝐓
𝟏𝟐 𝟏
𝑟̇2

(3.45)

𝑝̇3
𝑝̇3
𝛂𝟑 = [𝑞̇ 3 ] = [
]
̂𝟏𝟑 𝛂𝟏 + 𝜙̇31 𝐓
̂𝟏𝟑 𝛚𝟏
𝐓
𝑟̇3

(3.46)

Again, the translational equations of motion for the center body are formed by equating the
time derivative of the linear momentum with the total forces acting on the each body. The
total forces acting on the center body include contributions from the weight, aerodynamic
forces, thrust forces and joint constraints forces imposed at the joints as shown in Figure 3.9
and Figure 3.10 below.

Figure 3.9: Free body diagram schematic showing the weight, aerodynamic and joint
forces and moment acting on the three-body MAV configuration
Rotational equations of motion for the center body are formed by equating the time
derivative of the angular momentum with the total moments for each body. The moments
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have contributions from the center body weight, aerodynamic moments, thrust moments
and the joint constraints moments imposed at the joints.

Figure 3.10: Kinetic diagram schematic showing the translational and rotational acting
on the three-body MAV configuration
Figures (3.9) and (3.10) lead to the six equations of motion for the articulated MAV
shown below
𝟏
𝟏
𝟏
𝐅𝐀𝟏 + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋
+ 𝐅𝐖
− 𝐓𝟐𝟏 𝐅𝐚𝟐 − 𝐓𝟑𝟏 𝐅𝐛𝟑 = 𝑚1 𝐚𝟏/𝐈

(3.47)
d

𝐈
𝟏
𝟏
𝟏
𝐌𝐀𝟏 + 𝐌𝐓𝐑
+ 𝐌𝐓𝐋
+ 𝐌𝐖
+ 𝐒𝐑𝟏 𝟏𝐀 𝐅𝐀𝟏 − 𝐓𝟐𝟏 𝐌𝐚𝟐 − 𝐓𝟑𝟏 𝐌𝐛𝟑 = dt 𝐇𝟏/𝐈

𝟐
𝐅𝐀𝟐 + 𝐅𝐖
+ 𝐅𝐚𝟐 = 𝑚2 𝐚𝟐/𝐈

(3.48)
(3.49)

d

𝐈
𝟐
𝐌𝐀𝟐 + 𝐌𝐖
+ 𝐒𝐑𝟐 𝟐𝐀 𝐅𝐀𝟐 + 𝐌𝐚𝟐 = dt 𝐇𝟐/𝐈

𝟑
𝐅𝐀𝟑 + 𝐅𝐖
+ 𝐅𝐛𝟑 = 𝑚3 𝐚𝟑/𝐈

(3.50)
(3.51)

d

𝟑
𝐈
𝐌𝐀𝟑 + 𝐌𝐖
+ 𝐒𝐑𝟑 𝟑𝐀 𝐅𝐀𝟑 + 𝐌𝐛𝟑 = dt 𝐇𝟑/𝐈

(3.52)

It should be noted from the above that the body weights are expressed in the body frame
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and act at the mass center of the respective bodies.
A careful look at (3.47) to (3.52) reveal that the internal constraint forces and moments
have also been included in the above equations in such a way that they cancel out within the
combined system. Also, the articulated model proposed in this work expresses the linear
and angular accelerations of the right and left bodies in terms of the joint accelerations and
moments, which in turn are formulated in terms of the center-body linear and angular
accelerations. Such a model allows flexibility in terms of the allowable relative physical
motions between the right and left bodies and the center-body by specifying suitable joint
types at the joints, it also gives visibility to the joint forces and moments acting at the joints
since they are now a function of the changes in the linear and angular accelerations of the
connecting bodies, with unknown values been included in the right hand side of the final
articulated model.
In order to formulate the multibody equations of motion in terms of the center body linear
and angular accelerations, the linear accelerations of the mass center of the right and left
bodies are related to that of their connecting joints and the connecting joint values related
to the accelerations and velocities of the center body as shown in the expressions below
𝟏
𝟏 𝟏
𝟐 𝟐
𝐚𝟐/𝐈 = 𝐚𝟏/𝟏 + 𝐒𝛚
𝐕𝟏 + 𝐒𝐑𝟏 𝐚𝟏 𝛂𝟏 − 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟏 − 𝐒𝐑𝟐 𝐚𝟐 𝛂𝟐 + 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟐

(3.53)

𝟏
𝟏 𝟏
𝟑 𝟑
𝐚𝟑/𝐈 = 𝐚𝟏/𝟏 + 𝐒𝛚
𝐕𝟏 + 𝐒𝐑𝟏 𝐛𝟏 𝛂𝟏 − 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟏 − 𝐒𝐑𝟑 𝐛𝟑 𝛂𝟑 + 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟑

(3.54)
Where
𝐢
𝐒𝛚

0
= [ 𝑟𝑖
−𝑞𝑖

−𝑟𝑖
0
𝑝𝑖

𝑞𝑖
−𝑝𝑖 ]
0
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𝑖 = 1,2,3

(3.55)

Using the angular acceleration expression for the right body in (3.45) gives
𝑝̇2
𝐒𝐑𝟐 𝐚𝟐 𝛂𝟐 = 𝐒𝐑𝟐 𝐚𝟐 [
]
̂𝟏𝟐 𝛂𝟏 + 𝜙̇21 𝐓
̂𝟏𝟐 𝛚𝟏
𝐓

(3.56)

Splitting the cross-product into two vectors for the necessary vector multiplication, we get
0
𝐒𝐑𝟐 𝐚𝟐

= [ 𝑅𝑎2,𝑧
−𝑅𝑎2,𝑦
0

̃𝟏𝟐 = [ 𝑅𝑎2,𝑧
𝐓
−𝑅𝑎2,𝑦

−𝑅𝑎2,𝑧
0
𝑅𝑎2,𝑥

̃ =[
], 𝐓
𝟏𝟐

𝑅𝑎2,𝑦
−𝑅𝑎2,𝑥 ] = [𝐓
̃𝟏𝟐
0

−𝑅𝑎2,𝑧
0
𝑅𝑎2,𝑥

̃𝟏𝟐 ]
𝐓

𝑅𝑎2,𝑦
−𝑅𝑎2,𝑥 ]
0

(3.57)

(3.58)

We can thus perform the resulting matrix-matrix multiplication as follows
̃𝟏𝟐
𝐒𝐑𝟐 𝐚𝟐 𝛂𝟐 = [𝐓

𝑝̇2
̃ ][
]
𝐓
𝟏𝟐 ̂
̂𝟏𝟐 𝛚𝟏
𝐓𝟏𝟐 𝛂𝟏 + 𝜙̇21 𝐓

(3.59)

̃ (𝐓
̃𝟏𝟐 𝑝̇ 2 + 𝐓
̂𝟏𝟐 𝛂𝟏 + 𝜙̇21 𝐓
̂𝟏𝟐 𝛚𝟏 )
𝐒𝐑𝟐 𝐚𝟐 𝛂𝟐 = 𝐓
𝟏𝟐

(3.60)

̃𝟏𝟐 𝑝̇ 2 + 𝐓
̃𝟏𝟐 𝐓
̂𝟏𝟐 𝛂𝟏 + 𝐓
̃𝟏𝟐 𝜙̇21 𝐓
̂𝟏𝟐 𝛚𝟏
𝐒𝐑𝟐 𝐚𝟐 𝛂𝟐 = 𝐓

(3.61)

The acceleration of the mass center of the right body in (3.53) now becomes
𝟏
𝟏 𝟏
̃𝟏𝟐 𝑝̇ 2
𝐚𝟐/𝐈 = 𝐚𝟏/𝟏 + 𝐒𝛚
𝐕𝟏 + + 𝐒𝐑𝟏 𝐚𝟏 𝛂𝟏 − 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟏 − 𝐓

̃ 𝐓
̃ ̇ ̂
𝟐 𝟐
̂
−𝐓
𝟏𝟐 𝟏𝟐 𝛂𝟏 − 𝐓𝟏𝟐 𝜙21 𝐓𝟏𝟐 𝛚𝟏 + 𝐒𝛚 𝐒𝛚 𝐑 𝐚𝟐

(3.62)

Similarly for the left body, we get the take the same approach as follows
𝐒𝐑𝟑 𝐛𝟑 𝛂𝟑 = 𝐒𝐑𝟑 𝐛𝟑 [

𝑝̇3
]
̂𝟏𝟑 𝛂𝟏 + 𝜙̇31 𝐓
̂𝟏𝟑 𝛚𝟏
𝐓
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(3.63)

0
𝐒𝐑𝟑 𝐛𝟑

= [ 𝑅𝑏3,𝑧
−𝑅𝑏3,𝑦
0

̃𝟏𝟑 = [ 𝑅𝑏3,𝑧
𝐓
−𝑅𝑏3,𝑦

−𝑅𝑏3,𝑧
0
𝑅𝑏3,𝑥

̃ =[
], 𝐓
𝟏𝟑

𝑅𝑏3,𝑦
−𝑅𝑏3,𝑥 ] = [𝐓
̃𝟏𝟑
0
−𝑅𝑏3,𝑧
0
𝑅𝑏3,𝑥

̃𝟏𝟑 ]
𝐓

𝑅𝑏3,𝑦
−𝑅𝑏3,𝑥 ]
0

(3.64)

(3.65)

we get
̃𝟏𝟑
𝐒𝐑𝟑 𝐛𝟑 𝛂𝟑 = [𝐓

ṗ 3
̃𝟏𝟑 ] [
𝐓
̂ 𝛚 ]
̂𝟏𝟑 𝛂𝟏 + 𝜙̇31 𝐓
𝐓
𝟏𝟑 𝟏

(3.66)

̃ (𝐓
̂ 𝛚 )
̃𝟏𝟐 𝑝̇3 + 𝐓
̂𝟏𝟑 𝛂𝟏 + 𝜙̇31 𝐓
𝐒𝐑𝟑 𝐛𝟑 𝛂𝟑 = 𝐓
𝟏𝟑
𝟏𝟑 𝟏

(3.67)

̃ 𝐓
̃ ̇ ̂
̃𝟏𝟐 𝑝̇3 + 𝐓
̂
𝐒𝐑𝟑 𝐛𝟑 𝛂𝟑 = 𝐓
𝟏𝟑 𝟏𝟑 𝛂𝟏 + 𝐓𝟏𝟑 𝜙31 𝐓𝟏𝟑 𝛚𝟏

(3.68)

The acceleration of the mass center of the left body now becomes
𝟏
𝟏 𝟏
̃𝟏𝟑 𝑝̇ 3
𝐚𝟑/𝐈 = 𝐚𝟏/𝟏 + 𝐒𝛚
𝐕𝟏 + 𝐒𝐑𝟏 𝐛𝟏 𝛂𝟏 − 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟏 − 𝐓

̃ 𝐓
̃ ̇ ̂
𝟑 𝟑
̂
−𝐓
𝟏𝟑 𝟏𝟑 𝛂𝟏 − 𝐓𝟏𝟑 𝜙31 𝐓𝟏𝟑 𝛚𝟏 + 𝐒𝛚 𝐒𝛚 𝐑 𝐛𝟑

(3.69)

Re-writing the translational equations for the right body in (3.49) in terms of (3.62), we get
𝟏 𝟏
𝟐 𝟐
𝑚2 𝐓𝟏𝟐 𝐚𝟏/𝟏 + 𝑚2 𝐓𝟏𝟐 𝐒𝐑𝟏 𝐚𝟏 𝛂𝟏 − 𝑚2 𝐓𝟏𝟐 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟏 + 𝑚2 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟐
𝟐
𝟐
̃ 𝐓
̃ ̇ ̂
𝟏
̃𝟏𝟐 𝑝̇2 − 𝑚2 𝐓
̂
−𝐅𝐚𝟐 − 𝑚2 𝐓
𝟏𝟐 𝟏𝟐 𝛂𝟏 = 𝐅𝐖 + 𝐅𝐀 + 𝑚2 𝐓𝟏𝟐 𝜙21 𝐓𝟏𝟐 𝛚𝟏 − 𝑚2 𝐒𝛚 𝐕𝟏 (3.70)

Again, to facilitate matrix multiplication, the inertia matrix of right and left bodies are
divided into a 3 × 2 and a 3 × 1 sub matrices as shown below
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𝐼21
𝐈𝟐 = [ 0
0

0
𝐼22
0

0
𝐼21
0]=[0
𝐼23
0

0 0
𝐼22 | 0 ] = [𝐈̃𝟐
0 𝐼23

𝐈̃𝟐 ]

(3.71)

𝐼31
𝐈𝟑 = [ 0
0

0
𝐼32
0

0
𝐼31
0]=[0
𝐼33
0

0 0
𝐼32 | 0 ] = [𝐈̃𝟑
0 𝐼33

𝐈̃𝟑 ]

(3.72)

Similarly expressing (3.50) in a matrix sub component form results in
𝟐
̂ 𝛚 − 𝐒𝟐 𝐈 𝛚
̂𝟏𝟐 𝛂𝟏 + 𝐈̃𝟐 𝑝̇ 2 − 𝐒𝐑𝟐 𝐅𝐚𝟐 − 𝐌𝐚𝟐 = 𝐌𝐀𝟐 + 𝐌𝐖
𝐈̃𝟐 𝐓
− 𝐈̃𝟐 𝜙̇21 𝐓
𝟏𝟐 𝟏
𝛚 𝟐 𝟐
𝐚𝟐

(3.73)

For the left body, we get the force and moment equations of motion in a similar manner as
above
𝟏 𝟏
𝟐 𝟐
𝑚3 𝐓𝟏𝟑 𝐚𝟏/𝟏 + 𝑚3 𝐓𝟏𝟑 𝐒𝐑𝟏 𝐛𝟏 𝛂𝟏 − 𝑚3 𝐓𝟏𝟑 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟏 + 𝑚3 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟑
𝟑
𝟑
̃ 𝐓
̃ ̇ ̂
𝟏
̃𝟏𝟑 𝑝̇ 3 − 𝑚3 𝐓
̂
−𝐅𝐛𝟑 − 𝑚3 𝐓
𝟏𝟑 𝟏𝟑 𝛂𝟏 = 𝐅𝐖 + 𝐅𝐀 + 𝑚3 𝐓𝟏𝟑 𝜙31 𝐓𝟏𝟑 𝛚𝟏 − 𝑚3 𝐒𝛚 𝐕𝟏 (3.74)

𝟑
̂ 𝛚 − 𝐒𝟐 𝐈 𝛚
̂𝟏𝟑 𝛂𝟏 + 𝐈̃𝟑 𝑝̇ 3 − 𝐒𝐑𝟑 𝐅𝐛𝟑 − 𝐌𝐛𝟑 = 𝐌𝐀𝟑 + 𝐌𝐖
𝐈̃𝟑 𝐓
− 𝐈̃𝟑 𝜙̇31 𝐓
𝟏𝟑 𝟏
𝛚 𝟑 𝟑
𝐛𝟑

(3.75)

Since the Joints a and b are constrained in the pitch and yaw axes for this work, we can split
the internal joint moment acting at the joints into a known 3 × 1 and an unknown 3 × 2 sub
𝟐
𝟐
matrix, i.e. 𝐌𝐚𝟐 = [𝐌𝐚𝐱
+ 𝐌𝐚𝐲𝐳
] where

𝐌𝐚𝟐

𝑀𝑎𝑥
0
𝑀𝑎𝑥
= [𝑀𝑎𝑦 ] = [ 0 ] + [𝑀𝑎𝑦 ]
𝑀𝑎𝑧
𝑀𝑎𝑧
0

(3.76)

𝐌𝐛𝟑

𝑀𝑏𝑥
0
𝑀𝑏𝑥
= [𝑀𝑏𝑦 ] = [ 0 ] + [𝑀𝑏𝑦 ]
𝑀𝑏𝑧
𝑀𝑏𝑧
0

(3.77)
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Using the inertia sub matrix approach to again facilitate easy matrix computation, let the
unit matrix become
1 0 0
𝐈 = [0 1 0] = [𝐈̃ 𝐈̃]
0 0 1

(3.78)

The final joint moments vector at joints a and b then take the form
𝟐
𝟐
𝟐
𝐌𝐚𝟐 = 𝐈̃𝐌𝐚𝐱
+ 𝐈̃𝐌𝐚𝐲𝐳
= −𝐈̃(𝐶𝑎 𝜙̇21 + 𝐾𝑎 𝜙21 ) + 𝐈̃𝐌𝐚𝐲𝐳

(3.79)

𝟑
𝟑
𝟑
𝐌𝐛𝟑 = 𝐈̃𝐌𝐛𝐱
+ 𝐈̃𝐌𝐛𝐲𝐳
= −𝐈̃(𝐶𝑏 𝜙̇31 + 𝐾𝑏 𝜙31 ) + 𝐈̃𝐌𝐛𝐲𝐳

(3.80)

The internal constrained joint moments needed in the equations of motion are now derived
from the relative roll angle and roll rates between the center and outer bodies, along with
the damper and torsional spring parameters using (3.81) and (3.82) below
𝟐
𝐌𝐚𝐱
= 𝐶𝑎 𝜙̇21 − 𝐾𝑎 (𝜙21 − 𝜙210 )

(3.81)

𝟑
𝐌𝐛𝐱
= 𝐶𝑏 𝜙̇31 − 𝐾𝑏 (𝜙31 − 𝜙310 )

(3.82)

Where 𝜙210 and 𝜙310 are the steady-state relative roll angles of the outer right and left
wings to the center body roll.
3.3.2.1 Aerodynamic Forces and Moments
The aerodynamic forces and moments acting on the three bodies are due to their
aerodynamic loading and the velocities expressed in local body frames as follows
𝐕𝒊 = 𝑢𝑖 𝐢𝐢 + 𝑣𝑖 𝐣𝐢 + 𝑤𝑖 𝐤 𝐢

𝑖 = 1,2,3

(3.83)

As in the rigid MAV case, the transformation matrix from the wind to the specific body
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axes is given as
𝑐𝜃𝑖 𝑐𝜓𝑖
𝐓𝐈𝐢 = [𝑐𝜃𝑖 𝑠𝜓𝑖
−𝑠𝜃𝑖

𝑠𝜙𝑖 𝑠𝜃𝑖 𝑐𝜓𝑖 − 𝑐𝜙𝑖 𝑠𝜓𝑖
𝑠𝜙𝑖 𝑠𝜃𝑖 𝑠𝜓𝑖 + 𝑐𝜙𝑖 𝑐𝜓𝑖
𝑠𝜙𝑖 𝑐𝜃𝑖

𝑐𝜙𝑖 𝑠𝜃𝑖 𝑐𝜓𝑖 + 𝑠𝜙𝑖 𝑠𝜓𝑖
𝑐𝜙𝑖 𝑠𝜃𝑖 𝑠𝜓𝑖 − 𝑠𝜙𝑖 𝑐𝜓𝑖 ]
𝑐𝜙𝑖 𝑐𝜃𝑖

(3.84)

The aerodynamic velocity of the bodies are calculated by expressing the respective body
velocity in the body frame and subtracting wind velocity.
𝐰
𝐕𝐀,𝐢 = 𝐕𝐢 − 𝐓𝐈𝐢 𝐕𝐰𝐢𝐧𝐝
,

(3.85)

The aerodynamic velocity of the body in the body frame the becomes
𝐕𝐀,𝐢

𝑢𝐴,𝑖
= [ 𝑣𝐴,𝑖 ], 𝑉𝐴,𝑖 = √𝑢𝐴,𝑖 2 + 𝑣𝐴,𝑖 2 + 𝑤𝐴,𝑖 2
𝑤𝐴,𝑖

(3.86)

The aerodynamic angles of the individual bodies are again defined as
𝑤

𝛼𝑖 = atan ( 𝑢 𝐴,𝑖 )
𝐴,𝑖

𝑣

𝛽𝑖 = asin (𝑉𝐴,𝑖 )
𝐴,𝑖

(3.87)
(3.88)

where 𝛼𝑖 is the angle of attack and 𝛽𝑖 is the side slip angle the body 𝑖 makes with the
incoming airstream. Again, the aerodynamic forces acting at the aerodynamic center of the
body 𝑖 are functions of the body’s surface area, velocity magnitude and the aerodynamic
coefficients as
𝐶𝐿𝑖
𝐿𝑖
2
[ 𝑌𝑖 ] = 𝜌𝑉𝐴,𝑖 𝑆𝑖 [ 𝐶𝑌𝑖 ]
𝐷𝑖
𝐶𝐷𝑖

(3.89)

Where 𝜌 is the air density and 𝑆𝑖 is constant and is the lift generating surface area on the
body 𝑖. The body forces acting on body 𝑖 along its x, y and z axes are given as
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𝐅𝐀𝐢

𝐹𝑋𝑖
𝐿𝑖
= [𝐹𝑌𝑖 ] = 𝐓𝐰𝐢 [ 𝑌𝑖 ]
𝐹𝑍𝑖
𝐷𝑖

(3.90)

And the moments acting about the body 𝑖 mass center are
𝐹𝑋𝑖
𝑙𝑖
𝐌𝐀𝐢 = [𝑚𝑖 ] = 𝐒𝐑𝒊 𝒊𝐀 [𝐹𝑌𝑖 ]
𝑛𝑖
𝐹𝑍𝑖

(3.91)

𝐒𝐑𝒊 𝒊𝐀 is the position vector from the mass center to the aerodynamic center of the body 𝑖 in
the body 𝑖 frame.
3.3.2.2 Constraint Forces and Moments
The internal constraint forces and moments acting at the joints are implemented by the
spring-damper system depicted in Figure 3.6 and represented mathematically in the outer
body frames as
2
2
2
𝐅𝐚𝟐 = 𝐹ax
𝐢𝟐 + 𝐹ay
𝐣𝟐 + 𝐹az
𝐤𝟐

(3.92)

2
2
2
𝐌𝐚𝟐 = 𝑀ax
𝐢𝟐 + 𝑀ay
𝐣𝟐 + 𝑀az
𝐤𝟐

(3.93)

3
3
3
𝐅𝐛𝟑 = 𝐹bx
𝐢𝟑 + 𝐹by
𝐣𝟑 + 𝐹bz
𝐤𝟑

(3.94)

3
3
3
𝐌𝐛𝟑 = 𝑀bx
𝐢𝟑 + 𝑀by
𝐣𝟑 + 𝑀bz
𝐤𝟑

(3.95)

Specific stiffness 𝐾𝑖 and damping coefficients 𝐶𝑖 values can be selected to provide the
allowable roll articulation response for the MAV, they also enable the determination of the
3
2
known constraint moments as 𝑀ax
= 𝐶𝑎 𝜙̇21 − 𝐾𝑎 𝜙21 and 𝑀bx
= 𝐶𝑏 𝜙̇31 − 𝐾𝑏 𝜙31 shown in

(3.81) and (3.82).
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3.3.2.3 Weight Forces and Moments
The weight of the individual bodies are expressed in their respective body frames (B) as
𝐢
𝐅𝐖

−𝑠𝜃𝑖
= 𝑚𝑖 𝑔 {s𝜙𝑖 𝑐𝜃𝑖 } ,
s𝜙𝑖 𝑐𝜃𝑖

𝑖 = 1,2,3

(3.96)

Where 𝑚𝑖 is the mass of the body 𝑖, 𝑔 the acceleration constant and (𝜙𝑖 , 𝜃𝑖 ) are the roll and
pitch angle of the body 𝑖. The weight moments are zero since the weight vector passes
through the body mass center.
3.3.2.4 Thrust Forces and Moments
The thrust forces and moments from the two propellers mounted on the inner right
and left sides of the center body remain unchanged from the values derived for the rigid
MAV with the only difference in the articulated case being that the thrust forces and
moments are now applied to the center body dynamics.
3.3.3

Final Equations of Motion
The full nonlinear dynamic equations of motions for the 8DOF articulated MAV

with allowable roll hinge movements at the joints using the force-acceleration method. For
the center body equations of motion in (3.45) and (3.46), rearranging the unknown and
known terms to the right hand side and left and side, we get
𝟏
𝟏
𝟏
𝟏
𝑚1 𝐚𝟏/𝟏 + 𝐓𝟐𝟏 𝐅𝐚𝟐 + 𝐓𝟑𝟏 𝐅𝐛𝟑 = 𝐅𝐖
− 𝑚1 𝐒𝛚
𝐕𝟏 + 𝐅𝐀𝟏 + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋

(3.97)

3
2
𝐈𝟏 𝛂𝟏 + 𝐓𝟐𝟏 𝐈̃𝑀ayz
+ 𝐓𝟑𝟏 𝐈̃𝑀byz

𝟑
𝟏
𝟏
𝟏
𝟏
𝟐
= 𝐌𝐀𝟏 − 𝐒𝛚
𝐈𝟏 𝛚𝟏 + 𝐌𝐓𝐑
+ 𝐌𝐓𝐋
+ 𝐌𝐖
− 𝐓𝟐𝟏 𝐈̃𝐌𝐚𝐱
− 𝐓𝟑𝟏 𝐈̃𝐌𝐛𝐱

(3.98)

The rearranged version of the equations of motion for the right and left bodies expressed in
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(3.49) to (3.52) with unknown and known terms to the right hand side and left and side are
shown below
̃𝟏𝟐 𝐓
̂𝟏𝟐 ) 𝛂𝟏 − 𝑚2 𝐓
̃𝟏𝟐 𝑝̇ 2 − 𝐓𝟐𝟏 𝐅𝐚𝟐
𝑚2 𝐓𝟏𝟐 𝐚𝟏/𝟏 + (𝑚2 𝐒𝐑𝟏 𝒂𝟏 − 𝑚2 𝐓
𝟐
𝟏 𝟏
̃𝟏𝟐 𝐓
̂𝟏𝟐 𝛚𝟏 −
= 𝐅𝐖
+ 𝐅𝐀𝟐 + 𝑚2 𝐓𝟏𝟐 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟏 + 𝑚2 𝜙̇21 𝐓𝟏𝟐 𝐓

𝟐 𝟐
𝟏
𝑚2 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟐 − 𝑚2 𝐓𝟏𝟐 𝐒𝛚
𝐕𝟏

(3.99)

𝟐
̂𝟏𝟐 𝛂𝟏 + 𝐈̃𝟐 𝑝̇2 − 𝐒𝐑𝟐 𝐅𝐚𝟐 − 𝐈̃𝐌𝐚𝐲𝐳
𝐈̃𝟐 𝐓
𝒂𝟐
𝟐
𝟐
𝟐
̂𝟏𝟐 𝛚𝟏 + 𝐈̃𝐌𝐚𝐱
= 𝐌𝐀𝟐 + 𝐌𝐖
− 𝐒𝛚
𝐈𝟐 𝛚𝟐 − 𝜙̇21 𝐈̃𝟐 𝐓

(3.100)

̃𝟏𝟑 𝐓
̂𝟏𝟑 ) 𝛂𝟏 − 𝑚3 𝐓
̃𝟏𝟑 𝑝̇3 − 𝐅𝐛𝟑
𝑚3 𝐓𝟏𝟑 𝐚𝟏/𝟏 + (𝑚3 𝐒𝐑𝟏 𝒃𝟏 − 𝑚3 𝐓
𝟑
𝟏 𝟏
̃𝟏𝟑 𝐓
̂𝟏𝟑 𝛚𝟏 −
= 𝐅𝐖
+ 𝐅𝐀𝟑 + 𝑚3 𝐓𝟏𝟑 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟏 + 𝑚3 𝜙̇31 𝐓𝟏𝟑 𝐓

𝟑 𝟑
𝟏
𝑚3 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟑 − 𝑚3 𝐓𝟏𝟑 𝐒𝛚
𝐕𝟏

(3.101)

𝟑
̂𝟏𝟑 𝛂𝟏 + 𝐈̃𝟑 𝑝̇3 − 𝐒𝐑𝟑 𝐅𝐛𝟑 − 𝐈̃𝐌𝐛𝐲𝐳
𝐈̃𝟑 𝐓
𝒃𝟑
𝟑
𝟑
𝟑
̂𝟏𝟑 𝛚𝟏 + 𝐈̃𝐌𝐛𝐱
= 𝐌𝐀𝟑 + 𝐌𝐖
− 𝐒𝛚
𝐈𝟑 𝛚𝟑 − 𝜙̇31 𝐈̃𝟑 𝐓

(3.102)

The above equations can be reduced to give a condensed matrix of the form
𝐀𝐗 = 𝐛̅

(3.103)

𝐀

𝐎𝟑𝐗𝟑
𝐓𝟑𝟏
𝐓𝟐𝟏
𝐎𝟑𝐗𝟏
𝐎𝟑𝐗𝟏
𝑚1 𝐈
𝐈𝟏
𝐎
𝐎
𝐎
𝐎
𝟑𝐗𝟑
𝟑𝐗𝟑
𝐎𝟑𝐗𝟑
𝟑𝐗𝟏
𝟑𝐗𝟏
̃
̃ 𝐢𝟐 𝐓
̂ 𝟏𝟐 + 𝑚2 𝐓𝟏𝟐 𝐒𝟏
−𝑚2 𝐓
𝐑𝒂𝟏 −𝑚 𝐓
−𝐈
𝐎
̃
𝐎
𝟑𝐗𝟑
𝑚2 𝐓𝟏𝟐
𝟑𝐗𝟏
2 𝐈𝟐
𝟐
=
̃
𝐎
̂
𝐎
𝟑𝐗𝟑
𝐎𝟑𝐗𝟑
𝐈𝟐 𝐓𝟏𝟐
−𝐒𝐑𝒂𝟐
𝟑𝐗𝟏
𝐈̃𝟐
−𝐈
̃
𝟏
𝑚3 𝐓𝟏𝟑 −𝑚 𝐓
−𝑚
𝐓
̃
𝐎𝟑𝐗𝟏
3 𝐈𝟑
̃ ̂
𝐎𝟑𝐗𝟑
𝟑
3 𝐢𝟑 𝐓𝟏𝟑 + 𝑚3 𝐓𝟏𝟑 𝐒𝐑𝒃𝟏
̃𝐈𝟑
𝐎𝟑𝐗𝟑
𝐎𝟑𝐗𝟏
𝐎𝟑𝐗𝟑 −𝐒𝐑𝒃𝟑
̃𝐈𝟑 𝐓
̂ 𝟏𝟑
[
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𝐎𝟑𝐗𝟐
𝐓𝟐𝟏 ̃𝐈
𝐎𝟑𝐗𝟐
−𝐈̃
𝐎𝟑𝐗𝟐
𝐎𝟑𝐗𝟐

𝐎𝟑𝐗𝟐
𝐓𝟑𝟏 ̃𝐈
𝐎𝟑𝐗𝟐
𝐎𝟑𝐗𝟐
𝐎𝟑𝐗𝟐
−𝐈̃

]

The vector 𝐗 contains the derivatives of the state vector and the unknown joint forces
𝟐
𝐌𝐚𝐲𝐳

and moments, it is given as 𝐗 = [𝐚𝟏/𝟏

𝛂𝟏

𝑝̇2

𝑝̇ 3

𝐅𝐚𝟐

𝐅𝐛𝟑

right hand vector is given as 𝐛̅ = [𝐁𝟏

𝐁𝟐

𝐁𝟑

𝐁𝟒

𝐁𝟓

𝐁𝟔 ]𝑇 .

𝑇

𝟑
𝐌𝐛𝐲𝐳
] and the

The rows matrices in the system matrix 𝐀 are the 3 × 18 matrix corresponding to the
force and moment equations for the three bodies making up the articulated system shown
above in (3.97) to (3.102). Rows 1 – 3 in (3.103) are the forces acting on the mass center of
the center body in the center body frame, and rows 4 – 6 are the moments acting about the
mass center of the center body in the center body frame. Similarly, rows 7 – 9 and 10 – 12
are the forces and moments acting on the mass center of the right body and rows 13 – 15
and 16 – 18 are the forces and moments acting on the mass center of left body respectively.
The 𝑂𝑖×𝑗 are 𝑖 × 𝑗 matrices having zero entries, the 𝐼̃ and 𝐼̃ are the 1 × 3 and 2 × 3 sub
matrices of the unit vector and the 𝐼̃𝑖 and 𝐼̃𝑖 are the 1 × 3 and 2 × 3 sub matrices of the body
𝑏 respectively.
The right-hand side vector of (3.103) shown below are the known forces and moments
acting on the articulated system
𝟏
𝟏
𝟏
𝟏
𝑩𝟏 = 𝐅𝐖
− 𝑚1 𝐒𝛚
𝐕𝟏 + 𝐅𝐀𝟏 + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋

(3.104)

𝟑
𝟏
𝟏
𝟏
𝟏
𝟐
𝑩𝟐 = 𝐌𝐀𝟏 − 𝐒𝛚
𝐈𝟏 𝛚𝟏 + 𝐌𝐓𝐑
+ 𝐌𝐓𝐋
+ 𝐌𝐖
− 𝐓𝟐𝟏 𝐈̃𝐌𝐚𝐱
− 𝐓𝟑𝟏 𝐈̃𝐌𝐛𝐱
(3.105)

𝟐
̃ 𝐓
̂
𝟏 𝟏
𝑩𝟑 = 𝐅𝐖
+ 𝐅𝐀𝟐 + 𝑚2 𝐓𝟏𝟐 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟏 + 𝑚2 𝜙̇21 𝐓𝟏𝟐 𝐓
𝟏𝟐 𝟏𝟐 𝛚𝟏 −

𝟐 𝟐
𝟏
𝑚2 𝐒𝛚
𝐒𝛚 𝐑 𝐚𝟐 − 𝑚2 𝐓𝟏𝟐 𝐒𝛚
𝐕𝟏
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(3.106)

𝟐
̂ 𝛚 + 𝐈̃𝐌𝟐
𝟐
𝑩𝟒 = 𝐌𝐀𝟐 + 𝐌𝐖
− 𝐒𝛚
𝐈𝟐 𝛚𝟐 − 𝜙̇21 𝐈̃𝟐 𝐓
𝟏𝟐 𝟏
𝐚𝐱

(3.107)

𝟑
𝟏 𝟏
̃𝟏𝟑 𝐓
̂𝟏𝟑 𝛚𝟏 −
𝑩𝟓 = 𝐅𝐖
+ 𝐅𝐀𝟑 + 𝑚3 𝐓𝟏𝟑 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟏 + 𝑚3 𝜙̇31 𝐓𝟏𝟑 𝐓

𝟑 𝟑
𝟏
𝑚3 𝐓𝟑𝟏 𝐒𝛚
𝐒𝛚 𝐑 𝐛𝟑 − 𝑚3 𝐓𝟏𝟑 𝐒𝛚
𝐕𝟏

𝟑
𝟑
𝟑
̂𝟏𝟑 𝛚𝟏 + 𝐈̃𝐌𝐚𝐱
𝑩𝟔 = 𝐌𝐀𝟑 + 𝐌𝐖
− 𝐒𝛚
𝐈𝟑 𝛚𝟑 − 𝜙̇31 𝐈̃𝟑 𝐓

(3.108)

(3.109)

The 8DOF equations of motion for the articulated MAV can be determined by solving the
above dynamic equations in combination with the kinematic equations in (3.25), (3.29),
(3.34) and (3.35).
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CHAPTER 4
EXPERIMENTAL PLATFORM AND FLIGHT TESTS
4.1 Micro Air Vehicle
The MAV that was flight tested is a 10-gram, fixed wing, dual propelled platform, 18.5cm
in length and 20cm in wingspan. The actual rigid and articulated MAV and the reflective
marker placements are shown in Figure 4.1 and Figure 4.2 below. The physical and inertial
properties of the MAVs are shown in Tables 4.1 to Table 4.4, respectively.

Figure 4.1: Rigid and Articulated MAV models showing marker positions.
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Table 4.1: Physical properties of Rigid MAV
Parameter
Value
Units
Flying Mass, 𝑚
0.010
𝑘𝑔
Length,
0.185
𝑚
Wing Span, 𝑏
0.20
𝑚
Mean Aero Chord, 𝑐̅
0.062
𝑚
Wing Area, 𝑆
0.0124
𝑚2
Table 4.2: Inertia properties of Rigid MAV
Parameter
Value
Units
𝐼𝑥𝑥
1.004𝑒 − 5
𝑘𝑔. 𝑚2
𝐼𝑦𝑦
2.383𝑒 − 5
𝑘𝑔. 𝑚2
𝐼𝑧𝑧
2.685𝑒 − 5
𝑘𝑔. 𝑚2
𝐼𝑥𝑧
−2.620𝑒 − 6
𝑘𝑔. 𝑚2
𝐼𝑥𝑦
0
𝑘𝑔. 𝑚2
𝐼𝑦𝑧
0
𝑘𝑔. 𝑚2
Table 4.3: Physical properties of the Articulated MAV.
Parameter
Left Wing
Center Body Right Wing
𝑚
0.00027
0.0084
0.00027
𝑏
0.036
0.1278
0.036
𝑐̅
0.055
0.062
0.055
𝑆
0.002
0.0079
0.002

Units
𝑘𝑔
𝑚
𝑚
𝑚2

Table 4.4: Inertia properties of Articulated MAV.
Parameter
Left Wing
Center Body Right Wing
𝐼𝑥𝑥
2.925𝑒 − 8
3.210 𝑒 − 5
2.925𝑒 − 8
𝐼𝑦𝑦
6.815𝑒 − 8
7.000𝑒 − 5
6.815𝑒 − 8
𝐼𝑧𝑧
9.722𝑒 − 8
9.730𝑒 − 5
9.722𝑒 − 8
𝐼𝑥𝑧
0
−4.800𝑒 − 6
0
𝐼𝑥𝑦
0
−1.590𝑒 − 5
0
𝐼𝑦𝑧
0
−8.000𝑒 − 7
0

Units
𝑘𝑔. 𝑚2
𝑘𝑔. 𝑚2
𝑘𝑔. 𝑚2
𝑘𝑔. 𝑚2
𝑘𝑔. 𝑚2
𝑘𝑔. 𝑚2

The 6DOF rigid MAV configuration is physically converted into the 8DOF configuration
by splitting the main wing into three separate sections and reattaching them back together
along the middle of the cut plane with a plastic strip that acts as the joint spring mechanism
constraining the relative motion between the wings to a rolling motion.
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The MAV is controlled by two propellers with their thrust vector direction aligned with
the positive x-axis of the center body frame. The two propellers rotate in opposite directions
to cancel out most of the thrust-induced torque. Unlike conventional aircrafts and most
MAVs in the literature, the MAV used for this work lacks ailerons, elevator and rudder
inputs. The thrust inputs to the MAV are calculated from the revolutions per minute values
of the propellers determined from their motion capture data as will be explained in the next
chapter on the experimental flight tests.
4.2 UAHuntsville’s ATOM Laboratory
The UAHuntsville ATOM lab is a powerful digital tracking solution that provides very
high data accuracy for 3D applications. It offers accurate, high speed, interference-free, and
low latency real-time tracking for engineering-related studies. The ATOM lab allows testing
and analysis of systems as diverse as: robot tracking, human factors engineering, and virtual
engineering. The facility allows freedom to test and analyze whatever can be built. The
ATOM lab has a 16m x 10m x 4m unobstructed capture volume for tests and achieves
accurate motion capture using 33 VICON T40 series IR cameras. The T40 cameras captures
10-bit grayscale pixels boasting a resolution of 4 megapixels. The large numbers of high
resolution cameras allow 1.5mm tracking accuracy over the entire capture volume. Data can
be captured up to 370 frames per second. The system can easily track 50 unique objects
simultaneously with latency of only 5 milliseconds. A VICON representation of the capture
volume and the cameras is shown in Figure 4.2.
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Figure 4.2: Flight test facility showing the camera setup and the flight volume.
The cameras use infra-red LED illumination to achieve marker location tracking of the
seven carefully placed reflective markers on the rigid MAV and nine markers on the
articulated MAV. The instantaneous position of the markers on the MAV are logged at a
frequency of 100 Hz. The resulting dataset obtained from each flight test consists of data
columns of the 𝑥, 𝑦 and 𝑧 trajectory values for the markers. The dataset is then postprocessed to give the translational and rotational variations the MAV undergoes during any
given flight test.
The rigid and articulated MAV flight test representation in the VICON environment
showing the tracked individual reflective markers and the MAV orientation are shown
below
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Figure 4.3: Rigid MAV flight test representation in the VICON environment showing the
individual reflective marker positions and orientation.

Figure 4.4: Articulated MAV flight test representation in the VICON environment showing
the individual reflective marker positions and orientation.
The post-processing of the trajectory data for the individual markers to get the MAV
roll, pitch and yaw angle orientations and the velocities and accelerations of the mass center
will be discussed in the next chapter.
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CHAPTER 5
EXPERIMENTAL FLIGHT TESTS RESULTS
5.1 Rigid MAV Flight Test Results
5.1.1 Initial Conditions and Model Setup
The rigid MAV shown in Figure 4.1 was used in both gliding and powered flight tests in
order to get the aerodynamic and thrust coefficients needed in a 6DOF model to be used in
analytical investigations. Seven carefully placed reflective markers are placed on specific
points on the MAV that define the rigid MAV orientation while nine were placed on the
articulated MAV. The marker positions on the MAV are then measured and recorded in the
form of known fixed body displacement vectors along the MAV’s body frame. The
displacement vectors are from the MAV mass center to the fixed marker positions and are
shown in the Table below.
Table 5.1: Marker displacement vectors and magnitude from MAV mass center.

Mass Center
Marker 1
Marker 2
Marker 3
Marker 4
Marker 5
Marker 6
Marker 7
Marker 8
Marker 9

Displacement Vector (cm)
[0 0 0]𝑇
[1.8 0 −2.0]𝑇
[7.5 0 −0.8]𝑇
[0.3 4.5 −1.8]𝑇
[0.3 −4.5 −1.8]𝑇
[−7.2 0 −2.0]𝑇
[−9.3 4.7 0.2]𝑇
[−9.3 −4.7 0.2]𝑇
[0.9 6.2 −2.2]𝑇
[0.9 −6.2 −2.2]𝑇

43

Magnitude (cm)
0
2.6907
7.5425
4.8559
4.8559
7.4726
10.422
10.422
6.6400
6.6400

The MAV mass center was located using analytical approach of measuring and weighing
the individual parts such as the wing, fuselage, horizontal and vertical tails, propellers,
struts, controller board and the battery and calculating the composite mass center from the
individual mass centers and their locations from the nose tip of the MAV.
5.1.2

Data Post-Processing and Analysis

The MAV was flight tested in the ATOM laboratory and the trajectory data are recorded
at a sampling rate of 100Hz and saved in a Microsoft excel file. The data was post-processed
to get the mass center displacements, velocities, accelerations as well as the changes in the
roll, pitch and yaw angles. The data collected by the VICON motion capture system consists
of the 𝑥, 𝑦, 𝑧 trajectory data for the 7 reflective markers (9 markers for the articulated MAV)
placed on the MAV. Data was filtered using an 8th order Butterworth filter and a moving
averaging window size of 30 samples to remove the high frequency noise due to the VICON
data capture process. Since numerical differentiation amplifies measurement noise, it is
appropriate that the residual noise in the Euler rates and velocities for the MAV be validated
to provide an indication of the residual noise after filtering. Figure 5.1 below shows a sample
output plot of the MAV orientation result when the MAV is placed in a wings level, forward
looking position on the laboratory floor and the VICON data captured over a duration of 10
seconds. The result shows that using the 8th order Butterworth filter and a moving averaging
window size of 30 samples, the residual noise after filtering the data is low enough to give
accurate attitude and positional representation of the MAV. Residual Euler rates for the
stationary MAV is found to be between ±0.2°/𝑠 which is acceptable for an MAV with Euler
rates ranging between ±200 °/𝑠 during flight tests.
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Figure 5.1: Validation plot of placing MAV on the ground and post-processing the
VICON data.
Using markers 2, 6 and 7 (refer to Figure 4.1) placed along the MAV body to form an
orthogonal system in which the line connecting markers 6 and 7 is aligned with the MAV
body 𝑗-axis, the line from the midpoint of the line connecting markers 6 and marker 7 to
marker 2 points towards the MAV body 𝑖-axis so that the MAV body 𝑘-axis points in the
direction perpendicular to the 𝑖 − 𝑗 plane. The unit vectors between the markers along the
body axes and the known body distances between all the markers on the MAV are used to
calculate the direction cosine matrix of the MAV. The steps taken in the post-processing
will be highlighted next.
Using VICON data markers 6 and 7 and knowing that the two markers define the
body 𝑗-axis, we calculate the displacement vector and magnitude between the two markers
along that axis as
𝐑 𝟔𝟕 = (𝐑 𝟔 − 𝐑 𝟕 )⁄|𝐑 𝟔 − 𝐑 𝟕 |
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(5.1)

Where the magnitude of 𝐑 𝟕𝟖 is
𝑅67 = |𝐑 𝟔 − 𝐑 𝟕 |

(5.2)

The unit vector along the MAV body frame 𝑗-axis is made up of the sub-components of
the vector given as
𝐣 = 𝐑 𝟔𝟕 ⁄𝑅67

(5.3)

To define the body frame 𝑘-axis, we used markers 2 and 7 and again calculate the
displacement vector between the two markers along that axis as
𝐑 𝟐𝟕 = (𝐑 𝟐 − 𝐑 𝟕 )⁄|𝐑 𝟐 − 𝐑 𝟕 |

(5.4)

To calculate the unit vector along the 𝑘-axis, the cross vector product between the 𝑗-axis
unit vector and the displacement vector between markers 2 and the midpoint of markers 6
and 7 is divided by the magnitude
0
𝐑 𝟐𝟕 × 𝐣 = [ 𝑅27𝑧
−𝑅27𝑦

−𝑅27𝑧
0
𝑅27𝑥

𝑅27𝑦 𝑗𝑥
−𝑅27𝑥 ] [𝑗𝑦 ]
0
𝑗𝑧

(5.5)

The magnitude of the vector is given as
𝑅27𝑗 = |𝐑 𝟐𝟕 × 𝐣|

(5.6)

The 𝑘-axis unit vector then becomes
𝐤 = (𝐑 𝟐𝟕 × 𝐣̅)⁄𝑅27𝑗

(5.7)

Finally, the unit vector along the body 𝑖-axis is computed by taking the cross product of the
other two orthogonal axes as follows
𝐢 = 𝐣 × 𝐤⁄|𝐣 × 𝐤|
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(5.8)

0
𝐢 = [ 𝑗𝑧
−𝑗𝑦

−𝑗𝑧
0
𝑗𝑥

𝑗𝑦 𝑘𝑥
−𝑗𝑥 ] [𝑘𝑦 ]
0
𝑘𝑧

(5.9)

The expression for the transformation matrix from the MAV body frame to the
VICON/Laboratory frame can be calculated using the direction cosine matrix represented
by the three unit vectors obtained from the marker position data in the MAV body frame
above
𝑖𝑥
𝑻𝒊𝒍 = [𝑖𝑦
𝑖𝑧

𝑘𝑥
𝑘𝑦 ]
𝑘𝑧

𝑗𝑥
𝑗𝑦
𝑗𝑧

(5.11)

During the MAV calibration process in VICON, it was determined that the orientations of
the VICON world frame and the inertial frames are such that there 𝑖-axis points forward
while their 𝑗-axis and 𝑘-axis points in opposite directions. To be able to use the flight test
data in the inertial frame, we need to get the transformation from the laboratory frame to the
inertial frame
1
𝑻𝒍𝑰 = [0
0

0
0
−1 0 ]
0 −1

(5.12)

The transformation from the MAV body frame to the inertial frame now becomes
𝑻𝒊𝑰 = 𝑻𝒊𝒍 𝑻𝒍𝑰
𝑖𝑥
𝑖
𝑻𝒊𝑰 = [ 𝑦
𝑖𝑧

𝑗𝑥
𝑗𝑦
𝑗𝑧

𝑖𝑥
𝑖
𝑻𝒊𝑰 = [ 𝑦
𝑖𝑧

𝑘𝑥 1
𝑘𝑦 ] [0
𝑘𝑧 0
−𝑗𝑥
−𝑗𝑦
−𝑗𝑧
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(5.13)
0
0
−1 0 ]
0 −1

−𝑘𝑥
−𝑘𝑦 ]
−𝑘𝑧

(5.14)

(5.15)

The instantaneous orientation of the MAV can then be determined by comparing the Euler
angles body to inertial transformation matrix representation to the 3-by-3 direction cosine
𝑖𝑥
[𝑖𝑦
𝑖𝑧

−𝑗𝑥
−𝑗𝑦
−𝑗𝑧

c𝜃𝑖 c𝜓𝑖
−𝑘𝑥
−𝑘𝑦 ] = [ c𝜃𝑖 s𝜃
−s𝜃𝑖
−𝑘𝑧

s𝜙𝑖 s𝜃𝑖 c𝜓𝑖 − c𝜙𝑖 s𝜓𝑖
s𝜙𝑖 s𝜃𝑖 s𝜓𝑖 + c𝜙𝑖 c𝜓𝑖
s𝜙𝑖 s𝜃𝑖

c𝜙𝑖 s𝜃𝑖 c𝜓𝑖 + s𝜙𝑖 s𝜓𝑖
c𝜙𝑖 s𝜃𝑖 s𝜓𝑖 − s𝜙𝑖 c𝜓𝑖 ]
c𝜙𝑖 c𝜃𝑖

(5.16)

The needed Euler angles are then calculated as
𝑖
𝑗
𝜙𝑖 = tan−1 ( 𝑧⁄𝑘 ) ; 𝜃𝑖 = −𝑠𝑖𝑛−1 (𝑖𝑧 ) ; 𝜓𝑖 = tan−1 ( 𝑦⁄𝑖 )
𝑥
𝑧

(5.17)

The linear and angular body velocities and accelerations at the MAV mass center are
calculated using the instantaneous Euler angles and the resulting transformation matrices.
The Euler rates are calculated by differentiating the Euler angles in time as follows
𝜙̇ (𝑡 + ∆𝑡)

𝜙𝑖 (𝑡 + ∆𝑡)
𝜙𝑖 (𝑡)
1
̇
[𝜃(𝑡 + ∆𝑡) ] = ⁄(∆𝑡) ([ 𝜃𝑖 (𝑡 + ∆𝑡) ] − [ 𝜃𝑖 (𝑡) ])
𝜓𝑖 (𝑡 + ∆𝑡)
𝜓𝑖 (𝑡)
𝜓̇ (𝑡 + ∆𝑡)

(5.18)

where, ∆𝑡 = 𝑡𝑛+1 − 𝑡𝑛 . The angular velocity of the body is then calculated from the
kinematic equation using values from the current time step
1
𝑝(𝑡 + ∆𝑡)
𝛚(𝑡 + ∆𝑡) = [𝑞(𝑡 + ∆𝑡)] = [0
𝑟(𝑡 + ∆𝑡)
0

0
𝑐𝜙𝑖 (𝑡+∆𝑡)
−𝑠𝜙𝑖 (𝑡+∆𝑡)

−𝑠𝜃𝑖 (𝑡+∆𝑡)
𝜙̇ (𝑡 + ∆𝑡)
𝑠𝜙𝑖 (𝑡+∆𝑡) 𝑐𝜃𝑖 (𝑡+∆𝑡) ] [ 𝜃̇(𝑡 + ∆𝑡) ]
𝑐𝜙𝑖 (𝑡+∆𝑡) 𝑐𝜃𝑖 (𝑡+∆𝑡) 𝜓̇ (𝑡 + ∆𝑡)

(5.19)

Differentiating the angular velocity gives the angular acceleration values
𝛚̇(𝑡 + ∆𝑡) = 1⁄(∆𝑡) (𝛚(𝑡 + ∆𝑡) − 𝛚(𝑡))

(5.20)

The inertial linear velocity and acceleration of the MAV mass center location are also
calculated by successive differentiation of the mass center inertial position data. The
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position of the MAV mass center in the body frame is known from the MAV geometry and
mass properties, using the VICON supplied inertial location of marker 3 and the known
body frame location of the same marker allows the calculation of the inertial position of the
MAV mass center as shown below
𝐑 𝐈𝐢 = 𝐑 𝐈𝟑 − 𝐓𝐢𝐈 𝐑 𝐛𝟑
𝑖𝑥
𝐑 𝐈𝐢 = 𝐑 𝐈𝟑 − [𝑖𝑦
𝑖𝑧

−𝑗𝑥
−𝑗𝑦
−𝑗𝑧

(5.21)
−𝑘𝑥 𝑅𝑏3𝑥
−𝑘𝑦 ] [𝑅𝑏3𝑦 ]
−𝑘𝑧 𝑅𝑏3𝑧

(5.22)

𝐕𝐢/𝐈 (𝑡 + ∆𝑡) = (𝐑 𝐈𝐢 (𝑡 + ∆𝑡) − 𝐑 𝐈𝐢 (𝑡))⁄∆𝑡

(5.23)

𝐚𝐢/𝐈 (𝑡𝑛+1 ) = (𝐕𝐢/𝐈 (𝑡 + ∆𝑡) − 𝐕𝐢/𝐈 (𝑡))⁄∆𝑡

(5.24)

𝐑 𝐛𝟑 is the known distance vector from the MAV mass center to marker 3 in the MAV body
frame. The body velocity is obtained by transforming the above inertial mass center
velocity, 𝐕𝐢/𝐈 using the transformation matrix from inertial to MAV body frame below
𝑢𝑖
𝐕𝒊 = [ 𝑣𝑖 ] = 𝐓𝐈𝐢 𝐕𝐢/𝐈
𝑤𝑖

𝑖 = 1,2,3.

(5.25)

Assuming the wind velocity during the flight test was zero, the MAV angles of attack and
sideslip are calculated directly as
𝑤
α𝑖 = tan−1 ( 𝑖⁄𝑢𝑖 )

(5.26)

𝑣
β𝑖 = sin−1 ( 𝑖⁄𝑉 )
𝑖

(5.27)

The external forces acting on the MAV over the duration of a flight test can be computed
using the mass and inertial acceleration, 𝐚𝐢/𝐈 as
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𝐅𝐢𝐈 = 𝑚𝑖 𝐚𝐢/𝐈

(5.28)

Separation of the forces into aerodynamic, thrust and gravitational components gives
𝟏
𝟏
𝐢
𝐅𝐢𝐈 = 𝐅𝐀𝐢 + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋
+ 𝐅𝐖

(5.29)

𝟏
𝟏
For gliding flight test, 𝐅𝐓𝐑
= 𝐅𝐓𝐋
= 𝟎 so the aerodynamic force in body frame can be

calculated from the known forces as
𝐢
𝐅𝐀𝐢 = 𝐓𝐈𝐢 𝐅𝐢𝐈 − 𝐅𝐖

𝐢
𝐅𝐀𝐢 = 𝐓𝐈𝐢 (𝑚𝑖 𝐚𝐢/𝐈 ) − 𝐅𝐖

(5.30)
(5.31)

The total moment acting on the MAV can be calculated using the aerodynamic and thrust
moments as
𝑙𝑖
𝐢
𝐢
̃ 𝑖 ] = 𝐒𝐑𝐢 𝐢𝐀 𝐅𝐀𝐢 + 𝐒𝐑𝐢 𝐓𝐑 𝐅𝐓𝐑
[𝑚
+ 𝐒𝐑𝐢 𝐓𝐑 𝐅𝐓𝐑
𝑛𝑖
𝑙𝑖
𝐢
𝐢
̃ 𝑖 ] = 𝐌𝐀𝐢 + (𝐌𝐓𝐑
[𝑚
+ 𝐌𝐓𝐋
)
𝑛𝑖

(5.32)

(5.33)

The aerodynamic forces and moments and their coefficients are derived as
−𝐷𝑖
[ 𝑌𝑖 ] = 𝐓𝐢𝐰 𝐅𝐀𝐢
−𝐿𝑖
𝐶𝑥𝑖
−𝐷𝑖
[ 𝑌𝑖 ] = 𝐓𝐢𝐰 (𝑞̅ 𝑆𝑖 [𝐶𝑦𝑖 ])
−𝐿𝑖
𝐶𝑧𝑖
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(5.34)

(5.35)

𝐌𝐀𝐢

𝑏𝑖 𝐶𝑙𝑖
= 𝑞̅ 𝑆 [𝑐̅𝑖 𝐶𝑚𝑖 ]
𝑏𝑖 𝐶𝑛𝑖

(5.36)

1

where the dynamic pressure is 𝑞̅ = 2 𝜌𝑉𝑖 2 .
The transformation matrix from body axes to wind axes is given as
𝐓𝐢𝐰

𝑐𝛼𝑖 𝑐𝛽𝑖
= [−𝑐𝛼𝑖 𝑠𝛽𝑖
−𝑠𝛼𝑖

𝑠𝛽𝑖
𝑐𝛽𝑖
0

𝑠𝛼𝑖 𝑐𝛽𝑖
−𝑠𝛼𝑖 𝑠𝛽𝑖 ]
𝑐𝛼𝑖

(5.37)

Implementing the above steps in MATLAB gives the MAV’s translational and rotational
parameters as well as the aerodynamic coefficients from a flight test dataset. To perform a
gliding flight test, the MAV is placed in the center of the flight capture volume to calibrate
the VICON cameras and identify all the markers placed on the body. The data capture
process is then started and the MAV is hand-launched at a height of about 1.8m in the
forward direction. For a powered flight test, where the propellers are used to control the
MAV motion, the same procedure is carried out except with the addition of having the
VICON system identify and track both the MAV markers and the three markers used to
track the propeller revolutions on the left and right propellers. One of the three propeller
markers is fixed in position while one marker each is placed on the other two propellers.
The changing distance between the two moving propeller markers and the third fixed marker
is used in a separate MATLAB code to calculate the revolutions and thrust produced by the
propellers during a powered flight.
A diagram showing the data post-processing steps taken to obtain the needed flight test
values is shown next.
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Figure 5.2: Data capture, post-processing and aerodynamic variable calculation schematic
[22].
To illustrate the effectiveness of the method, results from one gliding flight test performed
in the ATOM lab using the above computational steps are shown below.

Figure 5.3: 3D flight reconstruction of the MAV in gliding flight test
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Figure 5.4: Cross range vs. down range trajectory of the MAV in gliding flight test

Figure 5.5: Altitude vs. down range trajectory of the MAV in gliding flight test
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Figure 5.6: Altitude vs. cross range trajectory of the MAV in gliding flight test
Figures 5.3 to 5.6 show the ability of the VICON camera tracking system and the
reconstruction code to accurately recreate the flight test and enable the visualization of
subtle attitude changes not seen in the actual laboratory flight test. These changes in the
MAV rolling motion can be clearly seen in Figure 5.6.
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Figure 5.7: Position, velocities and Euler angles from gliding flight test.

Figure 5.8: Aerodynamic angles and coefficients from gliding flight test.
Figure 5.7 shows the translational and rotational MAV parameters as they evolve in time,
Figures 5.8 to 5.10 shows the variations in the aerodynamic angles and coeffcieints over the
flight test duration.
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The ability of the VICON system to clearly reveal the aerodynamic hysterisis associated
with the pitching motion of the MAV airfoil and capture the dynamic stall phenomenon is
shown in Figure 5.9. Aerodynamic hysterisis depends on the sense of direction of the angle
of attack and occurs where multiple values of lift, drag, moment and lift-to-drag coefficients
occur at a given angle of attack. This hysteritic nature of low reynolds number flyers are
known to affect their recovery and spin flight conditions and will be further explored in the
gliding dynamic section. Overall, the combination of Figure 5.3 to Figure 5.11 show the
advantage in using a motion tracking system over the conventional wind tunnel tests where
such transient effects displayed above are lost or over-simplified. The dynamic changes in
the orientation of the MAV is revealed in the non-constant values of the aerodynamic
variables over the duration of the flight test as seen in Figures 5.9 to Figure 5.11 below.

Figure 5.9: Plots of C𝐿 vs. α for the gliding flight test
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Figure 5.10: Plots of C𝐷 vs. α for the gliding flight test

Figure 5.11: Plots of C𝑌 vs. α for the gliding flight test
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5.1.3

System Identification and Validation using the Output Error Method

The Output Error Method is a widely used time-domain method for aircraft parameters
estimation from flight test data [22]. In this method, assumed model parameters are adjusted
iteratively to minimize the error between the measured system variables and the estimated
predicted output from the chosen system model, this process leads to a nonlinear
optimization problem in which an optimal set of parameters are chosen to describe the
nonlinear model of the system in question.
The mathematical model of the MAV with the unknown aerodynamic and thrust
̅ is described in the general nonlinear system representation below:
parameters 𝛉
̅],
𝐱̇ (𝐭) = 𝐟[𝐱(𝐭), 𝐮(𝐭), 𝛉

𝐱(𝐭 𝟎 ) = 𝐱 𝟎

(5.38)

̅]
𝐲(𝐭) = 𝐠[𝐱(𝐭), 𝐮(𝐭), 𝛉

(5.39)

𝐳(𝑡𝑘 ) = 𝐲(𝑡𝑘 ) + 𝐆𝐯(𝑡𝑘 )

(5.40)

where (5.38) - (5.40) are the state equation, observation equation and measurement
equation, respectively. To handle the process and measurement noise 𝐯(𝑡𝑘 ) that are present
in the available flight test data 𝐳(𝑡𝑘 ), the method of maximum-likelihood based on
probability theory is used to obtain the new parameter updates.
5.1.3.1 Maximum-Likelihood Estimation:
̅) that maximizes
This estimation is achieved by maximizing a likelihood function 𝑝(𝐳|𝛉
̅,
the probability of obtaining a set of measurement values 𝐳 given some parameter vector 𝛉
̅) is also the probability of obtaining the measurement set 𝐳 if the chosen
where 𝑝(𝐳|𝛉
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̅. Since
unknown aerodynamic and thrust parameters in the MAV equations of motion are 𝛉
the likelihood function is a probability density of the observed variables, given 𝑁 random
observations to be independent and taken from the same observation set, the likelihood
function can be written as
̅) = 𝑝(𝐳𝟏 |𝛉
̅) . 𝑝(𝐳𝟐 |𝛉
̅). 𝑝(𝐳𝟑 |𝛉
̅) … 𝑝(𝐳𝐍 |𝛉
̅)
𝑝(𝐳|𝛉
̅) = ∏𝑁
̅
𝑝(𝐳|𝛉
𝑘=1 𝑝(𝐳𝐤 |𝛉)

(5.41)
(5.42)

The maximum likelihood estimate is then obtained as
̂ = 𝑎𝑟𝑔 {min 𝑙𝑛 𝑝(𝐳|𝛉
̅)}
𝛉
𝛉

(5.43)

The logarithm of the likelihood function is used due to the exponential nature of many
̂, we assume that the likelihood
density functions. To get the improved approximations to 𝛉
̅) is a twice differentiable function,
function 𝑝(𝐳|𝛉
̅)
𝜕 𝑙𝑛 𝑝(𝐳|𝛉
⁄̅ = 0
𝜕𝛉

(5.44)

The above expression in (5.44) is a column vector containing the change in probability
̅, it
density of one parameter to a change in every other parameter in the unknown vector 𝛉
results in a set of nonlinear equations that can be solved by a successive approximation
̅𝟎 of 𝛉
̅
technique. Linear expansion of the likelihood equation about a first approximation 𝛉
gives

̅𝟏 )
𝜕 𝑙𝑛 𝑝(𝐳|𝛉
̅
𝜕𝛉

≈

̅𝟎 )
𝜕 𝑙𝑛 𝑝(𝐳|𝛉
̅
𝜕𝛉

+
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̅𝟎 )
𝜕2 𝑙𝑛 𝑝(𝐳|𝛉
̅
∆𝛉
̅2
𝜕𝛉

(5.45)

̅𝟏 = 𝛉
̅𝟎 + ∆𝛉
̅ is the improved approximation to 𝛉
̅ and the second expression on the
Where 𝛉
right hand side is called the Fisher information Matrix. Equating (5.45) to zero gives a linear
system of equations

̅𝟎 )
𝜕2 𝑙𝑛 𝑝(𝐳|𝛉
̅
∆𝛉
̅2
𝜕𝛉

=−

̅𝟎 )
𝜕 𝑙𝑛 𝑝(𝐳|𝛉
̅
𝜕𝛉

(5.46)

̅ assuming the error 𝐞(𝑡𝑘 ) =
This can be solved for the parameter improvement vector ∆𝛉
𝐳(𝑡𝑘 ) − 𝐲(𝑡𝑘 ) at different time points 𝑡𝑘 to be statistically independent, we get
𝐸{𝑒(𝑡𝑘 )𝑒 𝑇 (𝑡𝑙 )} = 𝑅𝛿𝑘𝑙

(5.47)

𝛿𝑘𝑙 is the Kronecker delta symbol. Then the likelihood function of the 𝑛𝑦 dimensional
̅ and given
measurement vector at 𝑁 discrete time points for a given parameter vector 𝛉
measurement error covariance matrix 𝐑 is
̅, 𝐑] = ∏𝑁
̅
𝑝[𝐳(𝐭 𝟏 ), 𝐳(𝐭 𝟐 ), … , 𝐳(𝐭 𝐍 )| 𝛉
𝑘=1 𝑝(𝐳(𝐭 𝐤 )|𝛉, 𝐑)

(5.48)

Using the natural logarithm of the normal density function instead of the density function
above, we get the more practicable solution to the optimization problem as the minimization
̅, 𝐑) = 𝐿(𝐳|𝛉
̅, 𝐑)
of the cost function, 𝐽(𝛉
𝑁

1
̅, 𝐑) = ∑[𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )]𝑇 𝐑−1 [𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )]
𝐿(𝐳|𝛉
2
𝑘=1
𝑁

+ 2 𝑙𝑛[|𝐑|] +

𝑁𝑛𝑦
2

𝑙𝑛(2𝜋)

(5.49)

For a system being modeled, the number of data points 𝑁 and the number of observation
variables 𝑛𝑦 are fixed; therefore the last expression on the right-hand side of (5.49) is a
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constant and can be neglected from the optimization without affecting the results. Using the
case of an unknown measurement noise covariance matrix 𝐑, we can calculate its maximum
̂ by partial differentiation of (5.49) with respect to 𝐑
likelihood estimate 𝐑
̂ = 1 ∑𝑁
[𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )][𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )]𝑇
𝐑
𝑁 𝑘=1

(5.50)

As in [24], Substitution of (5.50) in (5.49) gives the cost function as
̅) = 1 𝑛𝑦 𝑁 + 𝑁 𝑙𝑛[|𝐑|] + 𝑁𝑛𝑦 𝑙𝑛(2𝜋)
𝐽(𝛉
2
2
2

(5.51)

Since 𝑁 and 𝑛𝑦 are constants, the first and third expressions on the right hand side of (5.51)
are also constants. The cost function then reduces to the determinant of the maximum
likelihood estimate 𝐑 as shown below
̅) = |𝐑|
𝐽(𝛉

(5.52)

The optimization problem is to minimize the cost function in (5.52) with respect to the
̅ results in the equation below,
unknown parameters 𝛉
𝜕𝐿

= − ∑𝑁
𝑘=1 [
𝜕𝛽

̅) 𝑇
𝜕𝐲(𝛉
̅ ]
𝜕𝛉

̅)]
𝐑−1 [𝐳 − 𝐲(𝛉

(5.53)

this results in a system of nonlinear equations requiring an iterative solution to get the
̅ until convergence of the estimated parameter
updates to the unknown parameter vector 𝛉
vector is achieved. The Newton-Raphson iterative solution needed to find new parameter
̅𝟎 + ∆𝛉
̅, where the parameter update is
estimates needed for the next iteration is ̅𝛉𝟏 = 𝛉
given as
2

̅ = − [(𝜕 𝐽2 ) ]
∆𝛉
̅
𝜕𝛉

−1

𝑖
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𝜕𝐽

(𝜕𝛉̅)

𝑖

(5.54)

The first and second gradients are the gradient vector, 𝐆 and the Hessian or Information
matrix, 𝑭 respectively and are given as
𝜕𝐽

𝐆 = 𝜕𝛉̅ = − ∑𝑁
𝑘=1 [
𝜕2 𝐽

𝜕𝐲(𝐭 𝐤 ) 𝑇
̅ ]
𝜕𝛉

𝐅 = 𝜕𝛉̅2 ≈ ∑𝑁
𝑘=1 [

𝐑−1 [𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )]

𝜕𝐲(𝐭 𝐤 ) 𝑇
̅ ]
𝜕𝛉

𝐑−1

𝜕𝐲(𝐭 𝐤 )
̅
𝜕𝛉

(5.55)

(5.56)

Using the maximum likelihood estimation approach described above to obtain parameter
updates, we can now implement the output error method using the mathematical model of
the MAV and the flight test data. The procedure is shown in the following schematic
diagram of the output error method and described in the following steps.

Figure 5.12: Schematic diagram of the output error method [22]
5.1.3.2 Algorithm for Parameter Estimation:
̅.
1. Choose suitable initial values for unknown parameter, 𝛉
̅.
2. Compute system outputs 𝑦 using the postulated model with parameter vector, 𝛉
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3. Compute the residual error, 𝒆(𝒕𝒌 ) = 𝐳(𝐭 𝐤 ) − 𝐲(𝐭 𝐤 )
4. Estimate the measurement covariance matrix using (5.50)
̅) using (5.52) and the compare with previous
5. Calculate the new cost function 𝐽(𝛉
value to get the step difference, 𝜖.
̅𝐤 is optimized
6. If the step difference 𝜖 is less than the defined convergence value, 𝜀, 𝛉
parameter.
̅ using (5.56)
7. If no convergence, compute parameter update vector ∆𝛉
̅𝐤+𝟏 = 𝛉
̅𝐤 + ∆𝛉
̅ and iterate on step 2.
8. Compute new parameter estimate 𝛉
5.1.4

Rigid MAV Gliding Flight

The gliding flight test shown in Figures 5.3 to 5.6 earlier is used in the system identification
process to identify the longitudinal parameters of the MAV during gliding flight. The MAV
is modeled as a single, rigid, 6DOF system having the equations of motion in the
longitudinal plane shown below:
𝑎𝑥𝑖 = (𝐿𝑠𝛼 𝑐𝛽 − 𝐷𝑐𝛼 𝑐𝛽 )⁄𝑚 − 𝑔𝑠𝜃

(5.57)

𝑎𝑧𝑖 = (−𝐿𝑐𝛼 − 𝐷𝑠𝛼 )/𝑚 + 𝑔𝑐𝜃

(5.58)

𝑞̇ = − 𝑀⁄𝐼𝑦𝑦

(5.59)

where 𝑎𝑥𝑖 and 𝑎𝑧𝑖 are the first and third components of the mass center acceleration in the
inertial frame 𝐚𝟏/𝐈 and 𝑞̇ is the MAV pitch rate. The aerodynamic forces and pitching
moment can be expressed as
1

1

𝐿 = 2 𝜌𝑉1,𝐴 2 𝑆1 𝐶𝐿 ; 𝐷 = 2 𝜌𝑉1,𝐴 2 𝑆1 𝐶𝐷
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(5.60)

1

𝑀 = 2 𝜌𝑉1,𝐴 2 𝑆1 𝑐̅𝐶𝑚

(5.61)

Gliding in MAVs generally involve flow phenomenon like dynamic stall, rapid pitch
rates and the development of leading edge vortices that generates unsteady aerodynamic
forces on the wings, this situation is very different from that experienced under steady-level
flight conditions. The investigation of specific flow phenomenon during MAV gliding
motion can be achieved by choosing appropriate model formulations that highlight the
intended phenomenon.
Three models of the MAVs longitudinal parameters will be considered, the first is a simple
nonlinear formulation of the lift, drag and pitching moment coefficients [22].
Model A:
𝐶𝐿 = 𝐶𝐿0 + 𝐶𝐿𝛼 𝛼

(5.62)

1

𝐶𝐷 = 𝐶𝐷0 + 𝑒𝜋𝐴𝑅 𝐶𝐿 2 (𝛼)

(5.63)
𝑞𝑐̅

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼 𝛼 + 𝐶𝑚𝑞 2𝑉

(5.64)

The second is a more involved nonlinear model [22] that includes the addition of the
pitching effects on the lift and drag forces as the MAV undergoes rapid pitching transitions.
Model B:
𝑞𝑐̅

𝐶𝐿 = 𝐶𝐿0 + 𝐶𝐿𝛼 𝛼 + 𝐶𝐿𝑞 2𝑉

(5.65)

1

𝑞𝑐̅

𝐶𝐷 = 𝐶𝐷0 + 𝑒𝜋𝐴𝑅 𝐶𝐿 2 (𝛼) + 𝐶𝐷𝑞 2𝑉
𝑞𝑐̅

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼 𝛼 + 𝐶𝑚𝑞 2𝑉
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(5.66)
(5.67)

The third model considered will be one that include the effects of flow separation and reattachment along the MAV wing during the gliding motion. A variable 𝑋 is used to model
the transition of the flow separation point along the chord on the upper wing surface as the
MAV flies with the values of 𝑋 ranging from 0 to 1 for fully attached and unattached flow
situations i.e.(0 ≤ 𝑋 ≤ 1). Using Kirchhoff’s theory of flow separation for a symmetrical
wing with the lift modeled as a function of angle of attack and the flow separation point
[23], the expression of the coefficient of lift as a function of the flow separation point, 𝑋,
becomes

1+√𝑋

𝐶𝐿 (𝛼, 𝑋) = 𝐶𝐿𝛼 {

2

2

} 𝛼

(5.68)

where 𝜏1 𝑎𝑛𝑑 𝜏2 are the time constants for the transient and quasi-steady aerodynamic
effects. The flow separation point is approximated as:
1

𝑋 = 2 {1 − tanh[𝑎1 (𝛼 − 𝜏2 𝛼̇ − 𝛼 ∗ )]}

(5.69)

Using the above unsteady aerodynamics modeling method, the three parameters 𝑎1 (airfoil
characteristics), 𝜏2 (time constant) and 𝛼 ∗ (breakpoint, 𝑋0 = 0.5) are completely adequate
to model the stall hysteresis when used in the calculation of the total lift, drag and pitching
Moment coefficients [22]. The third model becomes:
Model C:
𝐶𝐿 (𝛼, 𝑋) = 𝐶𝐿0 + 𝐶𝐿𝛼 {
𝐶𝐷 = 𝐶𝐷0 +

1+√𝑋
2

2

𝑞𝑐̅

} 𝛼 + 𝐶𝐿𝑞 2𝑉

1

𝑞𝑐̅

𝐶 2 (𝛼, 𝑋) + 𝐶𝐷𝑞 2𝑉 +
𝑒𝜋𝐴𝑅 𝐿
𝑞𝑐̅

𝐶𝑚 = 𝐶𝑚0 + 𝐶𝑚𝛼 𝛼 + 𝐶𝑚𝑞 2𝑉 +
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𝛿𝐶𝐷
𝛿𝑋

𝛿𝐶𝑚
𝛿𝑋

(1 − 𝑋)

(1 − 𝑋)

(5.70)
(5.71)
(5.72)

𝛿𝐶

where 𝐴𝑅 is the aspect ratio, 𝑒 is the Oswald factor and ( 𝛿𝑋𝐷 ,

𝛿𝐶𝑚
𝛿𝑋

) are the model hysteresis

effect in the drag and pitching moment coefficients.
To check the applicability of each model in estimating the longitudinal parameters of the
gliding MAV, each model is assumed to be the known mathematical model of the MAV
and the recorded gliding flight test data was then used as the state and observation vectors
in the output error method. The output vector consists of the recorded forward acceleration,
vertical acceleration and the pitch rate of the MAV while the unknown parameters to be
estimated in each model are shown in the optimal longitudinal parameters shown in Table
5.2 below.
Table 5.2: MAV parameter estimates using output error method
1
2
3
4
5
6
7
8
9
10
11
12
13

Parameters Model A
𝐶𝐷0
0.22499
𝐶𝐷𝑞
−
𝐶𝐿0
0.30210
𝐶𝐿𝛼
1.05434
𝐶𝐿𝑞
−
𝐶𝑚0
0.06930
𝐶𝑚𝛼
−0.17355
𝐶𝑚𝑞
−0.13617
𝑎1
−
∗
𝛼
−
𝜏2
−
𝜕𝐶𝐷⁄
−
𝜕𝑋0
𝜕𝐶𝑚⁄
−
𝜕𝑋0
𝐶𝑜𝑠𝑡
1.0501

Model B
0.25402
−0.50596
0.04071
1.70704
10.0852
0.06930
−0.17355
−0.13617
−
−
−
−

Model C
0.18670
−2.31473
−0.16969
2.40575
13.9940
0.06683
−0.64028
−0.07029
3.19398
0.61287
−2.35562
0.21451

−
0.33565

−0.00989
0.080411

From Table 5.2, we see that the cost function decreases as the longitudinal model takes into
account more effects that might be acting on the MAV during the gliding flight test. The
most detailed model C gives the lowest cost and most accurate aerodynamic coefficient

66

estimates. The kinds of motion captured adequately by each of the models can be
determined by looking at a comparison of their computed observation vector 𝐲(𝑡) with the
known observation vector data obtained during the flight test.

Figure 5.13: Flight test and simulated observation variables.
The transition of the flow separation point accounted for in Model C can be seen in Figure
5.14 below. It shows the flow separation gradually occurring as the MAV angle of attack
approaches the stall value, separation occurs fully as the flow separation variable 𝑋 reaches
1 and then reattaches back again as the MAV exits stall.
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Figure 5.14: Transition of the flow separation point in Model C estimation.
A comparison of the trajectory and body velocities of the three models is shown below in
Figure 5.15

Figure 5.15: Plot of the flight test and simulated trajectory and velocities.
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The plot showing the comparison between the experimental and simulated aerodynamic
angles is shown next, it shows the ability of the Model C to capture the MAV stall
phenomenon as seen by the jumps in its angle of attack value at time instants where flow
separation and reattachment occurred during the flight test. It is also interesting that the first
stall occurred as the MAV approaches the angle of attack value of 28.5 °, the same stall
point seen in the reconstruction of the flight test shown in the first plot in Figure 5.8.

Figure 5.16: Plot of flight test and simulated angle of attack, pitch angle and pitch rate.
The two fluctuations seen in the top plot in Figure 5.16 show the effects of flow seperation
on the MAV angle of attack as it approaches and leaves the MAV stall angle. These
oscillations in the angle of attack show flow separation occuring during the MAV gliding
motion as seen by the transition of the seperation point variable from the nominal midway
point of 0.5 upwards towards the total seperation point of 1 in Figure 5.14. The middle
fluctuation occuring between the two flow separation points mentioned earlier is the point
where there is full flow reattachment on the MAV wing, this is the instant where the flow
seperation point variable again transitions away from the nominal middle value of 0.5
moving far downwards. A careful look at the second plot in Figure 5.16 shows that this flow
reattachment phenomena occurs at the end of the MAV’s pitch down motion resulting from
the stall and the beginning of the upward pitching motion as the MAV reestablishes full lift
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capability at 0.6secs, this full reattachment motion can be confirmed from the MAV altitude
direction reversal that occurs as sufficient lift is generated on MAV wing.
5.1.5

Rigid MAV Powered Flight

During powered flight, the thrust parameters in the data post processing process in (5.29)
and (5.30) are no longer zero as the thrust from the two propellers have a direct effect on
the MAV dynamics in the powered case. This means that the parameters of the thrust force
and thrust moments contributions need to be estimated as well. The MAV is hand launched
from a height of about 1.5m and the controller is used to control it in a circular trajectory
for about 25secs. The propellers drive the MAV along the circular trajectory using
differential control, a situation where the right thrust output is greater than the left thrust
output. During the flight test, there where situations where an increase in thrust from both
propellers was needed to pitch the MAV upwards so that it can then climb in altitude. The
propeller revolutions were being recorded along with the marker trajectory during the entire
flight duration.
To perform parameter estimation of the MAV aerodynamic and thrust parameters during
powered flight, we need to divide the recorded VICON dataset into two sections. The first
section will serve as observation data in the output error method MATLAB code needed to
calculate the optimal coefficient values. Visualization plots of the observation data section
of powered MAV flight test used in the estimation process are shown next.
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Figure 5.17: 3D flight reconstruction of the MAV in flight test

Figure 5.18: Top view of flight reconstruction of the MAV in flight test
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Figure 5.19: Post-processed MAV trajectory data from marker data

Figure 5.20: MAV Propeller Revolution Visualization
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Figure 5.20 above shows the reconstruction of the trajectory of the three markers used in
calculating the propeller revolutions during the flight test. As seen from the figure, markers
1 and 2 placed on the right and left propellers move around their rotational axis while marker
3 remains fixed. Using the changes in the rotation angle between the line connecting the
center point C1 to marker 1 and the line connecting C1 to marker 3, we can calculate the
propeller RPMs by converting the angle moved within the sample period of 0.01 seconds to
revolutions per minute. This same approach is used to calculate the propeller revolutions
per minute for the second propeller. The rotational speeds obtained using the propeller
markers contain some high frequency noise that needs to be filtered before the data can be
used for further analysis. For the data sampling rate of 100Hz, a low pass filter with a cutoff
of 30Hz was chosen and implemented as a moving average filter for filtering out the noise
from the propeller revolution count data.

Figure 5.21: Post-processed propeller RPM data and the filtered RPM.
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The Euler angles, trajectory and aerodynamic angles of the powered MAV for the
duration of the estimation data are shown in Figure 5.22. These values along with the
filtered propeller values are the state and observation vectors supplied to mathematical
model in the output error method MATLAB code. The sample rate is 100Hz.

Figure 5.22: Post-processed MAV state variables and trajectory data.
The 6DOF equations of motion for the powered MAV with two propellers on either side
of the center fuselage can be defined in the wind axes as
𝐖
𝟏
𝐅𝟏,𝐀
= 𝑚1 (𝐕̇𝐖 + 𝛀𝐑 𝐕𝐖 + 𝛚𝐖 × 𝐕𝐖 ) − 𝐓𝟏𝐖 𝐅𝐖
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(5.29)

𝐖
𝐅𝟏,𝐀

0
0
V̇W
𝟏
̇
(−𝑠
VW
𝛼 𝑝 + 𝑐𝛼 𝑟)
= 𝑚1 ([ 0 ] + [ 𝛽 VW ] + [
]) − 𝐓𝟏𝐖 𝐅𝐖
𝛼̇ c𝛽 VW
VW (𝑠𝛽 𝑐𝛼 𝑝 − 𝑐𝛽 𝑞 + 𝑠𝛼 𝑠𝛽 𝑟)
0

(5.30)

The force acting on the MAV in the wind axes is derived by transforming the force acting
on the MAV in the body frame,
𝐖
𝐅𝟏,𝐀

−𝐷𝑐𝛼 𝑐𝛽 + 𝐿𝑠𝛼 𝑐𝛽
𝟏
𝟏
= 𝐓𝟏𝐰 ([ 𝐷𝑐𝛼 𝑠𝛽 − 𝐿𝑠𝛼 𝑠𝛽 ] + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋
)
−𝐷𝑠𝛼 − 𝐿𝑐𝛼

(5.31)

Collecting terms, we get
𝑐𝛼 𝑐𝛽
V̇W
1
[ 𝛽̇ VW ] =
[−𝑐𝛼 𝑠𝛽
𝑚1 −𝑠
𝛼̇ c𝛽 VW
𝛼

𝑠𝛽
𝑐𝛽
0

𝑠𝛼 𝑐𝛽
−𝐷𝑐𝛼 𝑐𝛽 + 𝐿𝑠𝛼 𝑐𝛽
𝟏
𝟏
−𝑠𝛼 𝑠𝛽 ] ([ 𝐷𝑐𝛼 𝑠𝛽 − 𝐿𝑠𝛼 𝑠𝛽 ] + 𝐅𝐓𝐑
+ 𝐅𝐓𝐋
)
𝑐𝛼
−𝐷𝑠𝛼 − 𝐿𝑐𝛼

𝑠𝛽 𝑠𝜙 𝑐𝜃 + 𝑠𝛼 𝑐𝛽 𝑐𝜙 𝑐𝜃 − 𝑐𝛼 𝑐𝛽 𝑠𝜃
0
VW (−𝑠𝛼 𝑝 + 𝑐𝛼 𝑟)
+[
] + 𝑚1 𝑔 [𝑐𝛼 𝑠𝛽 𝑠𝜃 + 𝑐𝛽 𝑐𝜃 𝑠𝜙 − 𝑠𝛼 𝑠𝛽 𝑐𝜙 𝑐𝜃 ]
𝑠𝛼 𝑠𝜃 + 𝑐𝛼 𝑐𝜙 𝑐𝜃
VW (𝑠𝛽 𝑐𝛼 𝑝 − 𝑐𝛽 𝑞 + 𝑠𝛼 𝑠𝛽 𝑟)

(5.32)

allowing us to solve for the unknown rates 𝑉̇𝑊 , 𝛽̇ and 𝛼̇ as
1
𝑉̇𝑊 = 𝑚 [−𝐷(𝑐𝛽 + 𝑠𝛽 ) + 𝑌𝑠𝛽 + (𝐹𝑇𝑅,𝑥 + 𝐹𝑇𝐿,𝑥 )𝑐𝛼 𝑐𝛽 + (𝐹𝑇𝑅,𝑧 + 𝐹𝑇𝐿,𝑧 )𝑠𝛼 𝑐𝛽 ] −

𝑚𝑔(𝑐𝛼 𝑐𝛽 𝑠𝜃 − 𝑠𝛽 𝑐𝜃 𝑠𝜙 − 𝑠𝛼 𝑐𝛽 𝑐𝜃 𝑐𝜙 )

(5.33)

1
𝛽̇ = 𝑚𝑉 [𝐷𝑠𝛽 + 𝑌𝑐𝛽 + 𝑚𝑔(𝑐𝛼 𝑠𝛽 𝑠𝜃 + 𝑐𝛽 𝑐𝜃 𝑠𝜙 − 𝑠𝛼 𝑠𝛽 𝑐𝜙 ) − (𝐹𝑇𝑅,𝑥 + 𝐹𝑇𝐿,𝑥 )𝑐𝛼 𝑠𝛽 −
𝑇

(𝐹𝑇𝑅,𝑧 + 𝐹𝑇𝐿,𝑧 )𝑠𝛼 𝑠𝛽 ] − 𝑟𝑐𝛼 + 𝑝𝑠𝛼
1

𝛼̇ = −[𝑡𝛽 (𝑝𝑐𝛼 + 𝑟𝑠𝛼 )] + 𝑞 + 𝑚𝑉

𝑇 𝑐𝛽

(5.34)

[𝑚𝑔(𝑐𝛼 𝑐𝜃 𝑐𝜙 + 𝑠𝛼 𝑠𝜃 ) − 𝐿 − (𝐹𝑇𝑅,𝑥 + 𝐹𝑇𝐿,𝑥 )𝑠𝛼 +

(𝐹𝑇𝑅,𝑧 + 𝐹𝑇𝐿,𝑧 )𝑐𝛼 ]
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(5.35)

The velocity of air exiting the propeller blade, 𝑉𝑒𝑥𝑖𝑡_𝑖 is used to calculate the propeller thrust
using a model that estimates 𝑉𝑒𝑥𝑖𝑡 from the RPM data as
𝑉𝑒𝑥𝑖𝑡 = 𝐵1 (

𝑟𝑝𝑚 2

𝑟𝑝𝑚 4

)

(5.36)

𝑇 = 2 𝜌𝐴𝑝𝑟𝑜𝑝 (𝑉𝑒𝑥𝑖𝑡 2 − 𝑉𝑖,𝐴 2 )

(5.37)
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) + 𝐵2 (
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The propeller thrust is then equal to
1

where the propeller disk area is 𝐴𝑝𝑟𝑜𝑝 =

𝜋𝐷 2
4

.

The angular velocity state derivatives are
𝐼𝑧𝑧 𝑙 + (𝐼𝑥𝑧 𝐼𝑧𝑧 + 𝐼𝑥𝑧 (𝐼𝑥𝑥 − 𝐼𝑦𝑦 )) 𝑝𝑞 −

]⁄(𝐼𝑧𝑧 𝐼𝑥𝑥 − 𝐼𝑥𝑧 2 )

(5.38)

𝟏
𝟏
𝑞̇ = − [𝐼𝑥𝑧 (𝑟 2 − 𝑝2 ) + (𝐼𝑧𝑧 − 𝐼𝑥𝑥 )𝑝𝑟 + 𝑚
̃ + (𝐅𝐓𝐑
+ 𝐅𝐓𝐋
)𝐙𝐞 ]⁄𝐼𝑦𝑦

(5.39)

𝑝̇ = − [

2

2

(𝐼𝑧𝑧 − 𝐼𝑧𝑧 𝐼𝑦𝑦 + 𝐼𝑥𝑧 )𝑞𝑟 + 𝐼𝑥𝑧 𝑛

(𝐼𝑥𝑧 2 + 𝐼𝑥𝑥 2 − 𝐼𝑥𝑥 𝐼𝑦𝑦 )𝑝𝑞
𝑟̇ = − [ −(𝐼𝑥𝑧 𝐼𝑧𝑧 − 𝐼𝑥𝑧 𝐼𝑦𝑦 + 𝐼𝑥𝑥 𝐼𝑥𝑧 )𝑞𝑟 ]⁄(𝐼𝑧𝑧 𝐼𝑥𝑥 − 𝐼𝑥𝑧 2 )
+𝐼𝑥𝑧 𝑙 + 𝐼𝑥𝑥 𝑛 +

𝟏
(𝐅𝐓𝐑

−

(5.40)

𝟏
𝐅𝐓𝐋
)𝐘𝐞

𝐘𝐞 , 𝐙𝐞 are the distance from thrust point to MAV 𝐶. 𝐺 along body 𝑦-axis and 𝑧-axis.
Implementing (5.33) to (5.35) and (5.38) to (5.40) as the mathematical model for the
powered MAV estimation process, we estimate the unknown aerodynamic and thrust
coefficients for the powered rigid MAV as shown in Table 5.3 below.
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Table 5.3: Estimated MAV Aerodynamic and Thrust coefficients
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Parameters MAV Coefficients
𝐶𝐷0
0.10913
0.13790
𝐶𝐷𝛼
𝐶𝐷𝑞
1.24980
𝐶𝐿0
0.13792
𝐶𝐿𝛼
2.22036
𝐶𝐿𝑞
8.90230
𝐶𝑚0
0.44092
𝐶𝑚𝛼
−0.63860
𝐶𝑚𝑞
−7.16408
𝐶𝑦𝑏
−0.95663
𝐶𝑦𝑝
−0.21666
𝐶𝑦𝑟
0.06639
𝐶𝑙𝑏
−0.79040
𝐶𝑙𝑝
−1.31627
𝐶𝑙𝑟
−0.02974
𝐶𝑛𝑏
0.23389
𝐶𝑛𝑝
−0.10753
𝐶𝑛𝑟
−0.23337
𝐵1
−0.595𝑒 − 4
𝐵2
0.04313

To compare the output of our mathematical model with the flight test, we use the same
initial condition as the flight test to generate the response of the powered MAV. The
trajectory and flight parameters of the model simulation (estimated) and flight test
(measured) are shown in the figures below.
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Figure 5.23: 3D view of the measured and estimated 6DOF MAV flight trajectory

Figure 5.24: Top view of the measured and estimated 6DOF MAV flight trajectory
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Figure 5.25: Measured and estimated MAV position and velocities

Figure 5.26: Measured and estimated MAV Euler angles and rates
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Figure 5.27: Time history of measured and OEM output variables
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Figure 5.28: Plot of the converged maximum likelihood parameter estimates
The MAV powered model validation is done using a different trajectory data section from
the same flight test and the identified aircraft parameters for the MAV from the output error
method analysis above, the validation results are shown in Figures 5.29 to 5.33.

Figure 5.29: 3D view of the MAV trajectory for validation flight test
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Figure 5.30: Top view of the MAV trajectory for validation flight test

Figure 5.31: MAV control input thrusts during validation flight test
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Figure 5.32: 3D flight trajectory for flight test and estimated models

Figure 5.33: Top view of the flight test and estimated MAV trajectory
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The figures above show that the MAV aerodynamic and thrust parameters estimated
using the output error method provide a good match with the flight test and can be used in
analytical investigations of the effect of gust disturbances on the MAV flight response and
control effectiveness. Modifications to the coefficients will also be used in the analysis of
the articulated MAV in the next section.
5.2 Articulated MAV Flight Test Results
5.2.1 Wing Articulation and Model Setup
The flight tested 8DOF model of the articulated MAV is shown below with the frames of
references and aerodynamic forces and moments acting on the individual bodies. The
trajectory data for the 9 markers was recorded, further post-processing of the marker
trajectory yields the needed C.G trajectory, orientation data of the center/fuselage body, and
the roll deflections of the right and left outer wing bodies.

Figure 5.34: Top view of the Articulated MAV showing the body frames on the center,
left and right wing segments
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Figure 5.35: Top view of the Articulated MAV showing the body forces and moments on
the center, left and right wing segments
The articulated MAV allows the passive upward and downward deflection of the right and
left wing bodies depending on the magnitude of the aerodynamic loading they experience
during the flight test. These roll deflections are due to the one degree of freedom introduced
by the hinges as shown below.

Figure 5.36: Articulated MAV showing lift forces due to varying dihedral angles
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The two additional DOF introduced create resisting roll moments at the wing articulations
through the spring and damping forces introduced into the formulated Newtonian dynamic
equations proposed in (3.45) to (3.50). The known physical parameters of the left wing,
center body and right wing are given in Table 5.4.
Table 5.4: Physical properties of the Articulated MAV center, right and left bodies.
Parameter Left Wing Center Body Right Wing Units
𝑚
0.00012
0.008
0.00012
𝑘𝑔
𝐼𝑥𝑥
2.925𝑒 − 8
3.21𝑒 − 5
2.925𝑒 − 8 𝑘𝑔. 𝑚2
𝐼𝑦𝑦
6.815𝑒 − 8
7.00𝑒 − 5
6.815𝑒 − 8 𝑘𝑔. 𝑚2
𝐼𝑧𝑧
9.722𝑒 − 8
9.73𝑒 − 5
9.722𝑒 − 8 𝑘𝑔. 𝑚2
𝐼𝑥𝑧
0
−4.80𝑒 − 6
0
𝑘𝑔. 𝑚2
𝐼𝑥𝑦
0
−1.59𝑒 − 5
0
𝑘𝑔. 𝑚2
𝐼𝑦𝑧
0
−0.80𝑒 − 6
0
𝑘𝑔. 𝑚2
𝑏
𝑐̅
𝑆

0.036
0.055
0.002

0.1278
0.062
0.0079

0.036
0.055
0.002

𝑚
𝑚
𝑚2

5.2.2 Data Post-Processing and Analysis
Having divided the rigid MAV into three separate bodies, the MAV reconstruction
process using the VICON data capture system consists of tracking the translation and
rotation of the mass center of the center body and the deflections or relative roll angles of
the outer right and left bodies. The 27 data columns supplied by the VICON data capture
system contains 21 columns representing the 7 marker positions on the center body. the
marker set {2, 1, 7} provide the needed data to calculate the attitude of the center body with
respect to the inertial axes while marker sets {2, 6, 4} and {2, 3, 5} enable the calculation
of the right and left wing deflections respectively. The process of calculating the center body
positions and attitude are essentially the same as that used for the 6DOF rigid MAV
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described in the earlier section, the process of calculating the right and left wing deflections
will be explained below.
The steps to calculate the articulated MAV flight parameters are stated next,
a. Use marker set {2, 8, 9} to get the orientation angles (𝜙1 , 𝜃1 , 𝜓1 ) and the
position (𝑥1 , 𝑦1 , 𝑧1 ) values of the center body.
b. Use the marker set {2, 3} and the rigid body assumption to get the
position of point {3a}, where marker point 3a is the undeflected position
of marker point 5.
c. Use the marker set {2, 4} to get the position of point {4a}, where marker
point 4a is the undeflected position of marker point 6.
d. Use the marker set {3, 3a, 5} to get the articulation of the right wing 𝜙21 .
e. Use the marker set {4, 4a, 6} to get the articulation of the left wing 𝜙31 .
Implementing the above steps in the MATLAB gives the articulated MAV’s parameters
from a flight test dataset, output plots from the articulated MAV are shown below.
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Figure 5.37: Flight test reconstruction and trajectory profile for gliding Articulated MAV

Figure 5.38: Euler angles and mass center positions of the center body in the gliding
Articulated MAV
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Figure 5.39: Body velocities of the center body in the gliding Articulated MAV

Figure 5.40: Aerodynamic angles of the center body in the gliding Articulated MAV
5.2.3 Articulated MAV Model Validation
Using the articulated MAV model proposed in chapter 3 and calculating the aerodynamic
forces and moments acting on the three seperate bodies from the estimated coefficients
obtained from the rigid MAV system identification process shown in Table 5.3, we can
compare both the flight test and analytical results for the articulated MAV flight trajectory
and orientation using the same initial flight condition are shown below.
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Figure 5.41: Model and flight test results for Articulated MAV gliding flight
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Figure 5.42: Flight test and model simulation comparison for gliding Articulated MAV.
The proposed articulated MAV model gives an acceptable match with the gliding flight
test for the flight test duration as shown above. Figure 5.42 provides a comparison of the
experimental data with the articulated MAV model’s prediction of mass center positions,
central body orientation, and outer body flapping angles. The model provides a satisfactory
match with the gliding flight test for the test duration and captures the qualitative nature of
the flight. In addition to reconstructing the trajectory, the flapping dynamics are well
represented. This feature can be used to help analyze the detailed dynamics that occur during
the response to wind gusts and understand how articulation can be designed to improve
overall performance in the next chapter.
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CHAPTER 6
ANALYTICAL INVESTIGATIONS
6.1 Articulated MAV Equilbrium Flight Configurations and Gust Responses:
The articulated MAV has two outer wing bodies that can roll about their joint axes
depending on the interaction between the aerodynamic forces acting on the outer bodies
and their inertial and joint properties. Under a steady, straight and forward flight condition
with no wind disturbance, the Articulated MAV will have final non-zero outer roll angles
that depend on the joint spring stiffness values, the shape of the outer wing bodies and the
prevailing flight speed. To investigate the different final outer body roll deflections in the
articulated MAV, the articulated MAV is launched forward with the center and outer bodies
at 0 degrees roll angle and at pitch angle of 20 degrees, the side velocity is 0m/s, forward
velocity is 2.5m/s and vertical velocity is 0.5m/s.

Figure 6.1: Roll angles of the outer bodies for the Articulated MAV having a fixed
damping coefficient and varying spring stiffness.
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Varying the damping coefficient of the joint springs for a constant spring stiffness only
affects the roll rates of the outer wing bodies as seen in the inset of Figure 6.2. The final
steady-state outer roll angle deviations remain unchanged as shown in the larger figure
below.

Figure 6.2: Outer roll angles of the Articulation MAV having a fixed spring stiffness
and varying damping coefficients.
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6.1.1 Rigid and Baseline Articulated MAV Crosswind Gust Response Comparison
The Rigid MAV and a baseline Articulated MAV having a spring stiffness of 0.0216
N-m/rad and a damping coefficient of 0.0028 N-m-s/rad encountering the same
crosswind gust of 3 m/s are compared in Figures 6.3 to 6.7 in order to show the various
changes in the position and orientation of their mass centers after encountering a crosswind
for 1.5 seconds. Starting out at the same initial condition with a forward velocity of 2.5m/s
and a vertical velocity of 0.5 m/s, both MAVs attain a forward velocity of about 5.0m/s
before crosswind impact. The Articulated MAV’s lateral deviation due to the crosswind
gust in Figure 6.3 is smaller when compared to the Rigid MAV. The Articulated MAV
also turns into the crosswind much quicker than the Rigid MAV due to the ability of the
Articulated MAV to convert the sudden gust energy into potential energy in the joint
springs.

Figure 6.3: Top view of crosswind gust responses of the Rigid and Articulated MAV
trajectory
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The crosswind gust acts on the three bodies in the articulated system in a manner similar
to the way it acts on the Rigid MAV, however the resultant aerodynamic forces acting
on the outer bodies generate rolling moments about the center body due to the presence
of joints between the bodies. Some of the rolling moment causes a relative roll movement
of the outer body with respect to the center body and the rest is converted into energy
stored in the springs to be transferred back and forth between the outer articulated wings
and the center body from the interaction between the aerodynamic lift and rolling moment,
inertia forces and moments, and the joint spring forces. Damping is provided within this
complex interaction by the aerodynamic drag and joint damping mechanism. The exchange
of energy between the joint springs and the interacting bodies can be seen in the
oscillations that appear in the Articulated MAV trajectory due the period of the
crosswind, this response then decays out gradually after the crosswind passes and the
damping starts to take effect.

Figure 6.4: Side view of the crosswind gust responses of the Rigid and Articulated
MAV trajectory

95

The trajectory side view above shows the altitude drop and down range distance
travelled by both the Rigid MAV and the baseline Articulated MAV over the same time
interval. It can be noted that the crosswind causes the Rigid MAV to briefly halt its steady
downward glide due to a pitch up response to the rapid increase in the angle of attack from
12 degrees to 20 degrees and sideslip from 0 degrees to 48 degrees experienced by the Rigid
MAV in 0.3 seconds. A comparison of the Euler angles changes that occur in the Rigid
MAV and the baseline Articulated MAV in response to a crosswind gust of [0; 3; 0] m/s
are shown in the figures below.

Figure 6.5: Rigid MAV and Articulated MAV center body roll responses to crosswind
gust [0; 3; 0]
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Figure 6.6: Rigid and Articulated MAV pitch responses to crosswind gust [0; 3; 0]
The roll and pitch response of the Articulated MAV to the crosswind gust is much smaller
than that of the Rigid MAV because of the ability to absorb and dissipate the load over
the joint springs and dampers as well as between the three connected bodies, this
minimizes the deflections in the center body roll and pitch orientations.

Figure 6.7: Rigid and Articulated MAV yaw responses to crosswind gust [0; 3; 0]
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The initial yaw response of the Rigid MAV is much larger than the Articulated MAV cases
due to the ability of the Articulated MAVs to transfer the sudden gust loads to the joint
spring and damper system, the less stiff Articulated MAV is seen to give the best yaw
response in all three cases.

Figure 6.8: Baseline Articulated MAV roll response to crosswind gust [0; 3; 0]
From the figure above, it is seen that the asymmetric roll response of the outer wing
bodies for t h e Articulated MAV decays to the steady state wings-level orientation after
several seconds due to the constraint joint spring force and aerodynamic damping opposing
the roll motion. This decaying motion of the outer wing bodies will not occur for the case
where the spring stiffness has been reduced by a factor of 10 since the magnitude of the
opposing constraint joint spring force and resulting aerodynamic damping is less than
the lift force being generated by the outer bodies.
The aerodynamic forces and joint moments and forces acting on the Articulated MAV
during the simulation period show the crosswind effect on the steady-state values and the
MAV’s ability to dampen out the disturbance and regain the equilibrium state.
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Figure 6.9: Aerodynamic forces acting on the Articulated MA
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Figure 6.10: Joint moments acting on the Articulated MAV
It can be seen from the figure above that the joint moments about the x axis are equal
and opposite before the crosswind impact due to the interaction of the spring forces
and moments and the lift generated by the outer wing bodies, the forces and moments
attain an equilibrium condition that prevents any rolling moment about the center
body. Upon crosswind impact however, the outer wings and center body angles are
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deflected and the joint moments and forces fluctuate back and forth in an energy interchange
process with damping before finally retaining their original ‘pre-gust’ values again.

Figure 6.11: Joint forces acting on the Articulated MAV
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6.1.2 Comparison of Rigid MAV and Articulated MAV to varying Crosswind Gusts:
The response of both the rigid and the articulated MAV to varying crosswinds shows
the effect of the interaction between the individual wing aerodynamic and inertial forces
with joint spring and damping forces in the articulated system during flight. Both MAV
responses are known to depend on the gust magnitude, direction and duration as well as
the values of the joint parameters in the articulated case. In the absence of a crosswind,
the MAVs fly in a straight path with no cross range deviation, a gradual increase in the
crosswind gust magnitudes gives the following trajectory changes in the rigid and
articulated MAV.

Figure 6.12: Rigid and Articulated MAV trajectory with crosswind gust [0; 0.5; 0]
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Figure 6.13: Rigid and Articulated MAV trajectory with crosswind gust [0; 1.0; 0]

Figure 6.14: Rigid and Articulated MAV trajectory with crosswind gust [0; 2.0; 0]
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Figure 6.15: Rigid and Articulated MAV trajectory with crosswind gust [0; 3.0; 0]
For small gust amplitudes, the cross range deviations are nearly identical with the
articulated MAV showing early oscillations in yaw due mainly to the interaction between
crosswind and the lift forces on the three bodies. This transient period persists until the
steady state outer roll angles is once again achieved and the articulated MAV flies straight
ahead. As the crosswind gust magnitudes continue to increase, the gust impact on the rigid
MAV causes larger deviations in its trajectory path and roll angle. The rigid MAV is seen
to recover from the initial roll instability for gusts up to about 3m/s as shown in Figure 6.15
while the articulated MAV remains stable in the center body roll angle at the same
crosswind. For all the crosswind gust magnitude displayed in Figure 6.12 to 6.15, the
articulated MAV remains directionally stable due to the interchange of forces between the
bodies and the joints. The articulated MAV is seen to slowly yaw in the gust direction
before turning towards the gust to align itself with no sideslip, this movement is due to a
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rolling moment generated by the ‘wind-side’ outer wing having a higher lift value when
compared with the center and ‘far-side’ outer wings during gust impact, the uncompensated
lift produces a sideforce and causes the MAV to sideslip and turn towards the lower wing.
The Articulated MAV is seen to mitigate the initial crosswind gust impact and turn almost
directly into the wind for crosswinds up to 3m/s is also due to the joints springs being able
to absorb and store most of the sudden gust impact, reducing the amount of turning moment
passed to the center body for sideslip buildup. On the other hand, the duration of directional
stability in the rigid MAV increases as the crosswind gusts increases due to the increasing
roll angle the rigid MAV attains upon gust impact. As the crosswind gust magnitude
increases and the changes in trajectory shown in Figure 6.12 to Figure 6.15 occur, the
corresponding Euler angle responses of the rigid MAV and articulated MAV to the varying
crosswind gusts of [0; 1; 0], [0; 2; 0] and [0; 3; 0] are shown below.

Figure 6.16: Roll angles of the Rigid and Articulated MAVs to varying crosswind gusts.
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Figure 6.17: Pitch angles of the Rigid and Articulated MAVs to varying crosswind gusts.

Figure 6.18: Yaw angles of the Rigid and Articulated MAVs to varying crosswind gusts.
Of particular interest is the increase that occurs in the roll angles of both MAVs in
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response to the increasing crosswind gust magnitudes, it will be shown in a later section
that this causes a failure in the rigid MAV at a crosswind gust magnitude of 3.9 m/s as the
rigid MAV rolls sideways by an angle greater than 90 degrees and flips over.
6.1.3 Response of Articulated MAV with different Spring Stiffness to Crosswind Gusts:
The effect of the joint spring stiffness on the response of the Articulated MAV to a
crosswind gust can be investigated by comparing the responses of three models with
varying spring stiffnesses and a constant fixed damping ratio with the parameters below.
Table 6.1: Model parameters for Articulated MAV with varying spring stiffness

Model A
Model B
Model C

Damping Ratio, ξ
1.60
1.60
1.60

Stiffness, K (Nm/rad)
0.1000
0.0250
0.0075

Damping, C (Nm/(rad/s))
0.00270
0.00140
0.00075

The simulation results are shown in the figures 6.19 to 6.21.

Figure 6.19: Articulated MAV center body roll angles for varying spring stiffness
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Figure 6.20: Articulated MAV outer body roll angles for varying spring stiffness
Increasing the stiffness of the joints changes the modes of oscillation of the outer wings
from a stable periodic motion to a quasi-periodic motion due to stronger interaction between
the dynamics of the 6DOF center body and those of the two additional outer wing bodies
such that the amplitude of oscillation of the outer wing bodies increases as the spring
stiffness is increased.

Figure 6.21: Articulated MAV center body pitch angles for varying spring stiffness
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The pitch response of the Articulated MAV for lower joint stiffness is minimal as most
the energy transferred from the gust is absorbed by the upward or downward deflection of
the outer wing body’s motion. As the joint stiffness is increased and the Articulated MAV
approaches a rigid body system, most of the energy from the crosswind gust are transferred
to the center body and the pitch dynamics becomes similar to that of the Rigid MAV.

Figure 6.22: Articulated MAV center body yaw angles for varying spring stiffness
The figure above shows that the initial yaw response of the Articulated MAV is unaffected
by changes in the spring stiffness. However, the yaw response of the articulated MAV does
not show much variation with the changing spring stiffness values.
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Figure 6.23: Articulated MAV trajectory responses for varying spring stiffness
6.1.4 Response of Articulated MAV with different damping coefficient to crosswind gusts:
The effect of the spring damping coefficient can be investigated by comparing models
having the same spring stiffness of 0.02 Nm/rad but varying damping ratios shown below.
Table 6.2: Model parameters for Articulated MAV with varying damping coefficients

Model A
Model B
Model C

Stiffness, K (Nm/rad)
0.02
0.02
0.02
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Damping, C (Nm/(rad/s))
0.00056
0.0017
0.0028

Figure 6.24: Articulated MAV center body roll angles for varying damping coefficients
Decreasing the damping coefficient of the Articulated MAV increases the roll stability
and the roll subsidence mode, causing an increase in the side-to-side rolling motion of the
center body, the Articulated MAV maintains stability in its spiral mode for both cases
because of sufficient dihedral from both outer wings. Increasing the damping coefficient
causes a faster decay in the center body roll motion and a gradual increase in the coupling
between the center and outer body rolling motion. The center body rolling motion goes from
a single frequency to a double frequency oscillation mode as the effect of the outer body
rolling motions on the center body become more significant.
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Figure 6.25: Articulated MAV outer body roll angles for varying damping coefficients

Figure 6.26: Articulated MAV center body pitch angles for varying damping coefficients
The effect of changes in the spring damping coefficient on the pitch response of the
Articulated MAV is such that a higher damping value allows the MAV to reduce pitch
disturbance faster and approach the steady state undisturbed state when compared to a less
damped joint that shows a sustained pitch disturbance after the transient period.
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Figure 6.27: Articulated MAV center body yaw angles for varying damping coefficients
Similar to the case of varying joint spring stiffness, changes to the joint damping coefficient
of an Articulated MAV has very little effect on the transient response, the steady state
response shows that the amplitude of yaw oscillations are reduced as the spring damping
coefficients increases.

Figure 6.28: Articulated MAV trajectory responses for varying damping coefficients
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6.1.5 Failure modes for the Rigid MAV and the Articulated MAV.
Failure in the rigid MAV due to a large amplitude crosswind gust implies the situation where
the rigid MAV becomes unstable in roll and flips over on the its side, this situation occurs
at a gust magnitude of 3.9m/s and the resulting rigid MAV Euler angles are shown below.

Figure 6.29: Euler angles of the Rigid MAV for crosswind gust [0; 3.9; 0]
The articulated MAV under the same crosswind gust condition has a maximum center body
roll of about 38 degrees and regains stability in the roll due to the joints absorbing most of
the sudden gust energy input before transferring them to outer wing bodies as shown below.
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Figure 6.30: Euler angles of the center body in the Articulated MAV for crosswind gust [0;
3.9; 0]

Figure 6.31: Roll angles of the outer bodies in the Articulated MAV for crosswind gust [0;
3.9; 0]
The Articulated MAV reacts to the sudden crosswind gust by deflecting its outer wings in
an asymmetrical manner with the right outer wing moving up and the left wing moving
downward. The gust energy and the lift forces generated causes the outer wings to move in
their initial directions until the spring and damping forces at the joints creates a restoring
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force and moment along the roll axis large enough to reverse their motion. This buildup and
transfer of energy between the wing generated forces and the spring forces and moments
continue until enough energy is lost through air resistance or aerodynamic drag. The
conditions and configuration in which the Articulated MAV will fail when it encounters a
crosswind gust are important so that the designer can avoid them during preliminary work.
Two situations are noted for articulated MAV failure, one case is when it is impacted by a
very high magnitude crosswind gust that causes the three bodies to flip over as shown in the
rigid MAV case and when the joint spring stiffness values is too low and cannot provide the
minimum opposing constraint rolling motion to counter the center body rolling motion. An
example is shown below where the joint spring stiffness K is 0.0005 Nm/rad-s) and the
damping ratio is fixed at 1.60.

Figure 6.32: Euler angles of Articulated MAV center body showing a failure mode
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Figure 6.33: Outer body roll angles of Articulated MAV center body showing a failure mode

Figure 6.34: Joint constraint rolling moments of Articulated MAV center body showing a
failure mode
The above figures show the Articulated MAV immediately enters an unstable roll mode
after encountering a crosswind gust due to insufficient/slow roll damping from the outer
wings and a persistent asymmetry in the constraint rolling moments. The articulation angles
of the outer wing become large and the component of force about the center body x-axis are
too low to provide adequate constraint rolling moment needed to maintain stability. A
solution to such failure mode is to increase the spring stiffness K, increasing the joint spring

117

stiffness to 0.0075 with a constant damping ratio of 1.60 achieves the stable results below.

Figure 6.35: Euler angles of Articulated MAV center body

Figure 6.36: Outer body roll angles of Articulated MAV center body

Figure 6.37: Euler rates of Articulated MAV center body
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Figure 6.38: Joint constraint rolling moments of Articulated MAV center body
6.2 Comparison of the maximum allowable crosswind gust for the Rigid MAV and
Articulated MAV
The maximum allowable crosswind gust that is survivable by the Rigid and Articulated
MAV are compared in the Figure 6.39 below. The region showed consists of crosswind gust
levels under which the Articulated MAV was stable and would recover from the wind
disturbance with the center and outer wing bodies all recovering their equilibrium states.
Spring stiffness regions that result in a stable but non-zero oscillation of the Articulated
MAV bodies about their equilibrium states have been neglected.
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Figure 6.39: Maximum allowable crosswind gust vs. joint spring stiffness plot
The maximum survivable crosswind gust that the Articulated MAV can survive is 4.85
m/s, this is 24.3% higher than the Rigid MAV value. Significantly, it is observed that
initially as the spring stiffness is relaxed to the point where articulation becomes significant,
the ability of the flexibility to mitigate gust disturbances increase. However, Figure 6.39
also shows that once the springs become too soft the articulation results in a degradation of
the gust mitigation capability. As a consequence, there is a region of optimal spring stiffness
values for obtaining the best passive gust response when using an Articulated MAV.
Response outputs of the articulated MAV center and outer bodies show that for a constant
damping ratio of 1.60, increasing the joint spring stiffnesses reduces the maximum
deflections of the outer wing bodies with the outer wing closer to the crosswind direction
having the higher deflection shown in Figure 6.40. Also in Figure 6.41, we see that the
crosswind gust velocity where the gradient of the roll response curves of the rigid and
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articulated MAVs changes sign is different for both the rigid MAV and articulated MAV,
this velocity occurs at the inflexion point of the roll response curves and occurs at 2 m/s
crosswind gust velocity for the rigid MAV and at 3 m/s for the articulated MAV.

Figure 6.40: Plot of maximum outer body roll to varying crosswind gust

Figure 6.41: Plot of maximum Rigid MAV roll and Articulated MAV maximum center body
roll to varying crosswind gust
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Figure 6.42 below shows that the yaw response of the articulated MAV is independent of
the joint spring stiffness values.

Figure 6.42: Plot of final yaw angle of the Rigid MAV and Articulated MAV center body
after crosswind gust
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CHAPTER 7
CONCLUSIONS, RECOMMENDATIONS AND FUTURE WORK
The two hypotheses in chapter 1 have been investigated in subsequent chapters in this
dissertation. In chapter 5, hypothesis 1 was investigated by modeling an articulated MAV
using a rigid multi-body method with a lumped aerodynamic model for each body and
comparing the trajectory, orientation and outer wing body deflection with those obtained
from actual flight test results. The comparison results shown in Figures 5.41 and 5.42
validates the statement of hypothesis 1. The second hypothesis was tested and validated in
chapter 6 with the introduction of crosswind disturbances along the articulated MAV’s flight
path, analytical investigation of the gust alleviation properties of the articulated MAV show
that a proper selection of the joint spring and damping coefficient values can increase their
robustness to varying levels of gusts as shown in Figure 6.39.
7.1 Articulated MAV Model
In this work, a multibody MAV model was presented using the Newtonian forceacceleration method. The approach enables the expansion of the multibody model in terms
of number of discrete interacting bodies and the number of possible motions of the bodies,
this dissertation shows the formulation of the 8-DOF articulated model for the simple case
of three interacting bodies where the two outer wing bodies can only roll about their joint
x-axis. A 10-DOF model formulation where there are 5 interacting bodies and the four inner
and outer wing bodies can all roll about their joint axes can be formulated in the same
manner as outlined in this dissertation and the difference between the 3-body 8DOF model
analyzed in this work and a 5-body 10DOF model will be an increase in size of the system
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matrix to be solved from an 18 × 18 matrix to a 30 × 30 matrix. The solution of the
dynamic equations using the force-acceleration method here required the inversion of a
(6𝑁) × (6𝑁) system matrix where 𝑁 is the number of the bodies; meaning that the solution
procedure increases on the order of (6𝑁)3 . The model also uses a body coordinate frame
formulation where the aerodynamic forces and moments acting on each body are in the body
frame while the joint forces and moments acting at the joints are in the body frame of the
outer connecting body, it is assumed that the joint themselves are of negligible mass with
stiffness and damping properties. The resulting model formulation approach used in this
work is easily applicable to higher order articulated MAV models with varying degrees of
allowable joint motions.
7.2 Articulated MAV Model Validation
The articulated MAV model proposed in this work was validated by comparing
simulation results with actual articulated MAV flight test data obtained in UAHuntsville’s
Optical Tracking Laboratory (ATOM Lab). The actual rigid MAV test sample was flight
tested in the ATOM Lab and data obtained using the VICON motion capture system was
processed using an in-house MATLAB post-processing routine to obtain the motion
trajectory of the reflective markers as they change during the duration of the flight test. A
second processing MATLAB routine is then used to obtain the positional, attitude,
aerodynamic and thrust data of the MAV during gliding and powered flight tests. A system
identification process was then undertaken to estimate the unknown aerodynamic and
control coefficients of the rigid MAV. Comparisons from both gliding and powered cases
show good agreement between the computed model and actual MAV flight test results. For
the articulated MAV validation, the proposed model was compared with actual flight test
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results of the articulated MAV obtained in the ATOM Lab and the joint parameters tuned
to get a good agreement between both cases.
7.3 Articulated MAV Design
The joint connections used on the actual articulated MAV consists of a thin rectangular
plastic strip glued at each ends to the mid-chord section of the two separate wing segments
of the articulated MAV. This physical connection of the articulating bodies allows a mostly
relative roll motion between the outer wing and the inner wing segments, thus motivating
the use of a hinge joint connection in the proposed analytical model. The effect of the
interacting joint forces and moments was demonstrated in the simulations of the articulated
MAV in steady straight flight and later by investigating the response of the articulated MAV
to a crosswind disturbance of varying magnitudes. The significance of MAV wing
articulation to the passive gust mitigation ability is clearly shown in Figure 6.39. This figure
presents the designer of such MAVs the ability to select components with suitable joint
spring stiffness values depending on the probable crosswind gust magnitudes expected in
the MAV operational flight envelope. It is important that the articulation stiffness is small
enough to provide some articulation, but not so soft that the gust mitigation capability is
adversely affected.
7.4 Recommendations and Future Work
One recommendation to further improve the work done in this dissertation is to
investigate the effect of drag introduced by vortices originated at the articulating joints as a
result of the relative roll motions of the bodies. Preliminary CFD studies of air flows on
articulating MAVs show the presence of such vortices becoming more pronounced as the
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angles between the bodies get smaller, additional flight tests would be needed in the ATOM
Lab using articulated MAVs with varying fixed relative roll angle configurations to provide
the necessary data for estimating these vortices effects.
A further investigation and comparison of results using more detailed aerodynamic models
for calculating the forces and moments acting on the articulated MAV could include
coefficients that factor in the effect of the joint locations or individual wing segment spans,
this could possibly provide more insight into selecting an optimal location for the wing
joints to enable a more favorable passive response of the articulated MAV to wind gusts.
Different kinds of allowable joint motions can also be investigated by reformulating the
proposed analytical model and applying different initial conditions, stiffness and damping
properties and wind gusts scenarios, such analytical results can be compared with data
collected from the ATOM Lab with applicable physical MAV models.
An actively controlled articulated MAV based on the proposed analytical model in this work
might be of interest to developers of such systems since it provides a means of incorporating
control inputs into the dynamic models, the resulting dynamic interaction between the
applied control forces, the passive joint forces and moments and the unknown wind gust
disturbance will surely provide an interesting research topic in the area of robust, nonlinear
control system stability.
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